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Breakdown of Results: 546 students wrote this exam. The marks ranged from 
6% to 99%, and the average was 59.9%. Some statistics on grade distributions are 
in the table on the left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 

90-100% 5.3% 
A 16.7% | 80-89% 11.4% 
B 18.5% | 70-79% 18.5% 
C 17.6% | 60-69% 17.6% 
D 18.3% | 50-59% 18.3% 
F 28.9% | 40-49% 12.3% 

30-39% 8.2% 

20-29% 5.5% 

10-19% 2.7% 
0-9% 0.2% 
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1. What is the equation of the tangent line to the graph of f(x) = e” at the point 
(x,y) = (0,1)? 


Solution: y —1= f'(0)(x — 0) & y = ex + 1 = zx + 1. The answer is (b). 


2. The arc length of the curve f(x) = 2 cosg for 0 < x < 7/2 is given by 


) | Ce 
(b) 1 e 
of ey mere 
(d) f Ee 


Solution: 


n/2 n/2 a /2 
I EPOP = f VI+ 2smade= f V 1+ 4sin? zdz. 
0 0 0 


The answer is (d). 


3. How many asymptotes — horizontal, vertical, or slant — are there to the graph 
of 


EER 2x — 2 
Pan r? +22 -3 
(a) none 
(b) one 
(c) two 
(d) three 
Solution: 
2x — 2 2 
=2+2— =n+2- f 1. 
ane e+2n—-3 Pee 
The line y = x + 2 is a slant asymptote, and the line x = —3 is a vertical 


asymptote. The answer is (c). 
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4. If sinf = — and cos@ < 0, then the exact value of cos(20) is 


1 7 
Solution: cos(20) = 1 — 2sin?@ = 1 — 2 ( ) = —. The answer is (b). 


16 8 
3 
e 4 l 2 
F (tlr) p 
1 


x 


3 


(a) J u’ du 
1 
3 
(b) f u? du 
7 
(c) I u? du 
4 
7 
(d) I u? du 
1 
1 
Solution: Let u = 4 + Inz. Then du = — dz. When x = 1,u = 4; when 
x 


xz = e? u= 7. So 
3 
e 4 ] 2 T 
f CEB i= f adu 
1 T 4 


The answer is (c). 


z g—i 
pine le 
x—0 x 
Soluton: 
(a) 0 _ e&—-a2-1 ee] 
lim = = lim 
(b) = x—0 £ z—0 2T 
i = mg 
(c) 5 1 
2 se 
(d) 00 2 


The answer is (c). 
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. Find the following limits: 


(a) lim x é — tan”! a) 


LOCO 


Solution: Since 
T zi 
lim (5 — tan z) =0, 


wL—-O0O 


0 
the given limit is in the co- 0 form. Rewrite it in the 5 form and use 
L’Hopital’s Rule: 


1+a? 
lin = lm 
z x 
a 
= lm 
r= 1 + x2 
= lm 
L400 1/x? +1 
= | 


(b) lim (1 + sin71(3x))8°@”) 


x0 


Solution: The limit is in the 1° form; let the limit be L, and evaluate 
the limit of In L by using L’Hopital’s Rule: 


lnl = lim, csc(2x)In(1 + sin™t(3x)) 
In(1 + sin7! 0 
= lim n( aoe Guy which is in the — form 
20+ sin(2x) 0 
1 3 
S e sin™! (3x) VI — 92? 
 p0+ 2 cos(2x) 
a3 
ne 
>L = e? 
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8. Find the following: 
(a) F(r/2), if F(x) = f A 
0 
Soluton: By the Fundamental Theorem of Calculus, and the chain rule, 
F"(x) = (— sin £) e&*. 


So 


t+] 
o f poi 


Solution: 
1 1 1 
1 1 
| a dx = f - dz + | dx 
o ed o z2? +1 o z? +1 
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9. Suppose the velocity of a particle at time t is given by v = 2t —t?, for 0 < t < 3. 
Find the following: 


(a) the average velocity of the particle for 0 < t < 3. 


Solution: 


average velocity = — (2t — t) dt 


|l 
w| = 
mS 

~œ 

N 

| 
w| = 

~œ 

w 
Ll 
oO w 


(b) the average speed of the particle for 0 < t < 3. 


Solution: 
if i AS 
average speed = J |u| dt and it a 1.0 ie Nao 2.5 3.0 
3 0 eee 
v>0Ss0<t<2. a! 
-0.84 
So 124 \ 
3 2 3 -1.64 \ 
[wef vat+ | —v dt. -20-4 
0 0 2 24 
Hence 
1 f’ 1 Lf? 
J lujdt = 5 [ -d-i | ae-eyat 
3 0 3 0 3 2 
2 3 
-apria 
3 3 0 3 3 Jo 
1 8 1 1 
= ~(4-——]——=[9-— ~(27)-4+- 
(1-5) -a (07300-443) 
a 8 
© 9 
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10. Let R be the region in the plane bounded by x = 0,2 = 2,y = 2x and y = 2”. 
Find the following: 


(a) The volume of the solid obtained by revolving the region R about the 
X-axis. 


Solution: using method of discs. 


2 
4 3 1 5 1.2 
= T 37 = a m 
0 f j 
64 0.4 E- d 
= j” GAR TTT TT at TT rr TT uk 


x 
—— y=2x 


— y = xA2 


(b) The volume of the solid obtained by revolving the region R about the 
line z = —1. 


Solution: using method of shells. 


V = [ome + 1)(22 — x°) dx 


2 
= | Qn(a? + 2x — x°?) dx 
0 
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11. A storage tank, full of water with density p, is in the shape of an inverted cone, 
with radius at the top 2 m, and with perpendicular height 6 m. How much 
work is done in emptying the tank by pumping all the water up to a transfer 
pipe 1 m above the top of the tank? 


Solution: 
Using similar triangles: y 
e201 fee <= 
a er i b=6 (2,6) 
At height y the cross-sectional area is: (x,y) 
Aly) =a? = oy’. 
9 a=0 


6 
1 
= f vans v7 way 
0 
6 
pgr 
aera (Ty? — y’) dy 
0 
6 
_ pone}? 5 14 
~ 9 E v|, 
= 207pg 
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12. One end of a rope is attached to the front of a boat, 1 m above sea level. The 
other end of the rope is pulled at a constant rate of 0.5 m/s from the top of 
a wharf 2 m above sea level, causing the boat to move toward the wharf. At 
what speed is the boat approaching the wharf when the horizontal distance 
between the front of the boat and the wharf is 5 m? 


Solution: 
Let the horizontal distance from the boat 
to the wharf be x, measured in metres. 


Let the length of the rope be L, in metres. L — 
Then 1 

EVSA Boat x Wharf 
by the Pythagorean theorem. Water 


Differentiate implicitly with respect to time, t, measured in seconds. 


dx dL dx dL 1 
I E a J e E E T E 
lt Ape SB Pa ae 

dx 1L 
dt 2x 


When x = 5, L = V26, and 


dx 1 


— = — vV 20. 
dt 10 
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13. Let f(x) = 3(a — 2)! — zx. Plot the graph of y = f(x) on the interval [0,4], 
indicating absolute minimum and maximum points, all critical points, and all 
inflection points, if any. 


Solution: 


Critical Points: 


e=lorz=3 


f'(x) is undefined & x —-2=0 
S&S r=2 
Concavity: 
2/3 
1 
S&S r1-2<0 
S&S £4 <2; 
2/3 
1 
< r>2 
So the only inflection point is (2, —2). 
Graph: 
00 04 08 12 16 Ba 24 28 32 3.6 4.0 
rc es CR EAR ET | TR 


Three critical points : 

(1, —4), (2, —2) and (3,0). 
Endpoints: 

f(0) =—3- 21/3 ~ —3.77976 

f(4) = 3 - 21/3 — 4 ~ —0.220287 
Absolute maximum point: (3,0). 
Absolute minimum point: (1, —4). 
Inflection point: (2, —2). 
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14. A school playing field is to have the shape of a rectangle with a semicircle 
attached at each of two opposite ends. The perimeter of the field is to be a 
400 m running track. Find the dimensions of the field that 


(a) maximize the total area of the field. 


(b) maximize the area of the rectangular part. 


Solution: 


Let the dimensions of the rectangular 
part be x x y, x and y in metres. 


Let the radius of the semicircular ends 
be r, in metres. y r 
Then 


The perimeter of the field is 


P = 2x + 2rr = 2x + Ty 


and 466 
P=40067= a 
Since x > 0, we must have 0 < y < 400/z. 
Part (a): let A be the area of the whole Part (b): let A be the area of 
field. the rectangle. 
400y = ry? ot 400y — Ty? 
LY ETT 5 a2 A = ty 5 ; 
dA T 400 dA 400 — 2ry 200 
dA T aA 
=—— <0 = — 
d 5 TP m<0 
So A is maximized if So A is maximized if 
400 200 200 100 
z= 0, y = —,r = —. z = 100, y = —,r = —. 
T T T T 
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FACULTY OF APPLIED SCIENCE AND ENGINEERING 
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MAT 186H1S - CALCULUS I 
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Comments: 


D. Burbulla 


1. This exam was very similar to the exam of Dec 07. The main differences were: 
no related rates problem, and an area problem instead of a graphing question. 


2. If you set up the area problem by integrating with respect to x, you have to 
integrate In, which we haven’t done yet. But you can find the integral by 
looking at the area with respect to the y-axis. 


3. In the last problem, to confirm the critical point is a minimum point, it is 
easier to compare the length at the endpoints with the length at the critical 
point. The second derivative is quite messy. 


Breakdown of Results: 99 students wrote this exam. The marks ranged from 
25% to 94%, and the average was 60.6%. Some statistics on grade distributions are 
in the table on the left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 

90-100% 1.0% 

A 6.0% 80-89% 5.0% 
B 16.2% | 70-79% 16.2% 
C 34.3% | 60-69% 34.3% 
D 25.38% | 50-59% 25.3% 
F 18.1% | 40-49% 12.1% 

30-39% 5.0% 

20-29% 1.0% 

10-19% 0.0% 

0-9% 0.0% 
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1. What is the equation of the normal line to the graph of f(x) = e” at the point 


(x,y) = (0,1)? 
(a) y = =x - 
Solution: f'(x) = e” => f'(0) = 1. So the 
(b) Fi equation of the normal line is 
y=-2x 
cs : = +1 
SS y=—x+1. 
(c)y=axr+1 x—0 f'(0) 
(a) The answer is (b). 
y= -r+e 


2. The arc length of the curve f(x) = 2Inz for 1 < x < e is given by 


e fe 


4 
Se oe 
x 


Solution: 


0 [Ae | VTO = 


/ 
o [Pa - [Fe 


x 
The answer is (a). 
e 2 ms 2 
(d) 1 ; — dx 
1 


3. The equation of the slant (or oblique) asymptote to the graph of 


o +1 
ae Es 
is 
Solution: 
(a) y=x+1 +l £ 
Z = pee 
w So the slant asymptote is the line with equation 
chy = 2 
(d) y=—2 os 
The answer is (c). 
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4. If sind = 


4 
5. | ev x2 +9dr = 
0 


(a) >| road 


(b) al TEET T 


O3 f 6- 9Vīdu 

(a) fo =s 
6. lim x — = 

(a) 5 

(b) ž 

0) -5 

-i 


and cos 0 < 0, then the exact value of sin(20) is 


Solution: 


sin(20) = 


|l 
N 
AEN 


The answer is (c). 


2 sin 6 cos 0 


Solution: Let u = z? + 9; du = 2z dz. 


4 
| eV r2 + 9dr 
0 


The answer is (d). 


1/4 
F L? VL + 922 dx 
0 


1 


TEE 


Solution: use L’Hopital’s rule three times. 


>. -sing 
lim ————_ 
x—>0 3 


The answer is (b). 


`. Ll-cosz 
= lim 
z0 3x? 
. sina 
= lim 
z30 624 
. Cosx 1 
= lim = 
x—=0 6 6 
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7. [12 marks; 6 for each part] Find the following limits: 


: j 9 3/a? 
(a) lim (52 +e" ) 


Solution: this limit is in the 1% form. Let the limit be L. 


3/a? 
L = lim (52? + ee) 


x—0 


3/x? 
>lnL = limln (527 + 3 


t—> 


3 
= lim a ln (5x? + a] 


xr—0 @ 


In (52? + g] 


0 
= 3lim , in the = form 
x—0 T 0 
adh _ 102 —2re-*” 1 
(by L’Hopital’s rule) = 3 lim (2? +e) Ie 
1 10x — 2re77? 
= 3lim Saim ee 
x0 (542 + e77) 250 22 
es. 
ae ee 
= Sr Ac 12 
> L g2 


(b) lim z (Z + tana). 


w—-—CO 


Solution: this limit is in the (—oo)-0 form. Rearrange the limit into 


0 
the ~ form. 
e 5 form 
ee ie (Z + tan™ z) 
r—— oo Lee 
1 
2 
(by L’Hopital’s rule) = lim LEL 
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8. [12 marks; 6 for each part] Find the following: 
tan x 


(a) F'(n/4), if F(x) = V3 +Ë dt. 


0 


Solution: use the Fundamental Theorem of Calculus, and the chain rule. 


Fi(x) = v3 + tanř z. sec? x 
> F'(n/4) = v3 +I. (V2)? 
= 4 


t 1 
b d 
o f 1 + e7 j 


Solution: 


1 1 
1 1 
| e = [mee 
o l+e7 o 1+1/e 


|l 
=, 
ra 
m 
Sla 
+I x 
ray 


( let u= e” +1) = f —du 
2 


In(1 +e) —In2 


(- =) 
In 
2 


(optionally) 
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9. [12 marks; 6 for each part] Let R be the region in the plane bounded by y = x 
and y = yz. Find the following: 


(a) The volume of the solid obtained by revolving the region R about the 
X-axis. 


Solution: use the method of discs. 


E e Eaa qhoclomsclnabay r lg 
0.0 01i 02 03 04 05 06 OF 08 09 10 
x 


1 
By method of shells: V = f 2ry(y — y’) dy. 
0 


(b) The volume of the solid obtained by revolving the region R about the 
line x = 2. 


Solution: use the method of shells. 


g 
I 


[ E a ade 
= on f (VE - 2r- ey +2?) de 


4 2 lat 
= 2r Eá = — Îr 4 r’ 

3 5 3 Jo 
8a 


is 


a a a ct a Oa 


T [lc leglenl Mipalcale lal 
0.0 02 04 06 08 10 12 14 16 18 20 


1 
By method of discs: V = i m ((2—y’)* — (2—y)*) dy. 
0 
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10. [10 marks; 5 for each part] Suppose the velocity of a particle at time t is given 
by v = t? — 4t, for 0 < t < 5. Find the following: 


(a) the average velocity of the particle for 0 < t < 5. 


1 
= | va = 
5 Jo 


Solution: 


Ot] rR jle OT] FR 


(b) the average speed of the particle for 0 < t < 5. 


Solution: v<0Ss0<t<4. 


5| 3 ; 3 í 
_ 32 7 
B 15 
_ 2B 
~ = 
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11. [10 marks] A spherical storage tank with radius 1 m is full of water with density 
p. How much work is done in emptying the tank by pumping all the water up 
to a transfer pipe 2 m above the top of the tank? 


Solution: 
yY 
h = 4— 
Aly) = 1a? 
=a Cey) 
= a(l—y?+2y-1) 
chs y) = n(2y—y") 


W = f oA- 


f pgm (2y — y’) (4 — y) dy 


2 
= pgr | (8y — 6y* — +y°) dy 
0 


472 
= pgr jo Sy a 
4 0 
= 4pgn 


Alternate Solution: put the origin at the centre of the circle. Then 


= 
I 


f pgm(1 — 4°) (3 — y) dy 


1 
por f (3 — 34° — y + 4°) dy 
-1 
2 471 
9 
= 2p gp Zens 
par |3y alas 


= 4pgr, as before. 


—1 
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12. [10 marks] Find the area of the region in the first quadrant bounded by the 
three curves 
y=2,y =lnz and y = 2V1 — z. 


Solution: 
2.0 r 
A i The region is indicated in the diagram 
se i to the left, where one boundary is 
144 
t2 ) y =Inz for 1 < z < e; 
1.04 \ 
a | ri and another boundary is 
06- | / 
04- / y=2V1—<2for0<2<1. 
0.24 / 
on eon a een aaa 


0.0 O08 16 24 32 40 48 56 64 7.2 


It is much simpler to integrate with respect to y. We have 


2 
y=Ing oa =e! and y= 21-2 2 =1- (3) : 


Then 


|l 
m= 
AS 
m 
e 
| 
re 
> 
a 
< 


y> |? 
Z Yv an 
e-l, 
= Fagg a5 
7 3 
7 
z 2 
E3 


Note: if you integrate with respect to x the area is given by two integrals: 


2 


A= f e-a f 


@-In2) dr =% +(e? -3)=6 — +. 
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13. [10 marks] Two vertical poles stand 10 m apart on level ground. A wire joining 
the tops of the two poles is to be attached to a point on the ground between 
the two poles, so that the wire goes from the top of one pole down to the 
ground and then up to the top of the second pole. What is the length of the 
shortest such wire, if one pole is 6 m high and the other pole is 4 m high? 


Solution: let the distance from the base of the taller pole to the point on the 
ground be x. For 0 < x < 10, the total length of the wire is 


tS 
I 


V6? + 2? + \/(10 — x)? + 4? 
V36 + x? + /(10 — x)? + 16. 


a 
| 


x 10-2 
Critical Points: 


dl- 27  (—2(10 — 2)) 
dx 2/36+22 2,/(10 — x)? + 16 
x 10-2 
364+22 ,/(10 — x)? + 16 


dL 0 z 10- zx 


| 
| 
4 


dx 36+? /(10—2)? + 16 
r? (10 — x)? 
36+22 (10-7) +16 
x’ (100 — 202 + 2? + 16) = (36 + z°) (100 — 20x + 2”) 
116z? — 2077 + zt = 3600 + 136z? — 720x = 202° + zt 
20x” — 720x + 3600 = 0 
x’ — 36x + 180 = 0 
Ra 36 + /576 


2 
y— T812 
x = 6 or 30 


LU YY Y | 


4 


The only critical point is z = 6 at which L = V72 + v32 = 10V2 ~ 14.14. 
End points: 

z =0 > L= 6+ V116 ~ 16.77; x = 10 > L = v136 + 4 15.66. 

So the minimum length of the wire is 10/2 m, at the critical point. 
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University of Toronto 
FACULTY OF APPLIED SCIENCE AND ENGINEERING 
Solutions to FINAL EXAMINATION, DECEMBER, 2008 
First Year - CHE, CIV, IND, LME, MEC, MMS 
MAT186H1F - CALCULUS I 
Exam Type: A 


General Comments: with a term mark average of 78.0% going into the final exam, this 
exam was deliberately set to be on the challenging side. To this end 15% of the exam 
consisted of questions unlike any on previous exams of the last few years. Nevertheless it 
was questions right out of the book that caused the most problems of all! 


i 


Questions 1 and 2 were very badly done. Many students seemed confused about the 
concept of an asymptote. 


. The two limits in Question 7 were very badly done, although they are completely 


routine questions of the type found in Sections 4.8 or 4.9 of the textbook. 


. Question 8(b) was supposed to be a challenge, but many students did very well on 


this. 


. Question 10 was supposed to be a challenge, but it was actually right out of the book. 


. Question 12, which was done very badly, was right out of the homework, Section 3.3 


of the book. 


. For some reason part (b) of Question 13 was very poorly done, whereas part (a) was 


done very well. 


Breakdown of Results: 436 students wrote this exam. The marks ranged from 4% to 
100%, and the average was 60.25%. Some statistics on grade distributions are in the table 
on the left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 


90-100% 3.7% 
12.8% 80-89% 9.1% 


15.6% 70-79% 15.6% 


Ho a w e 


24.1% 60-69% 24.1% 
22.0 % | 50-59% 22.0% 
25.5% 40-49% 14.9% 
30-39% 5.7% 
20-29% 3.5% 
10-19% 0.9% | 
0-9% 0.5% pm | 
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1. Suppose the function f(x) is continuous for all values of x. What is the greatest possible 
number of asymptotes to the graph of f? 


(a) 1 Solution: there could be at most one horizontal or slant 
(b) 2 asymptote as x — oo; there could be at most one horizontal 
or slant asymptote as x — —oo. There can be no vertical 
(c) 3 asymptotes since f(x) is continuous for all x. 
(d) 4 The answer is (b). 
. 2 SEN 1 
2. How many vertical asymptotes are there to the graph of f(x) = snus) 
vt — 5a? +4 
Solution: 
(a) 1 f(a) sin(x? — 1) sin(x? — 1) 
GCG) = — 
(b) 2 xt — 5r? +4 (a? —1)(x? — 4) 

3 There are removable discontinuities at x = +1; there 
(c) are infinite limits as x — +2* and as x — +27. So only 
(d) 4 x = +2 are vertical asymptotes. 

The answer is (b). 


3. The arc length of the curve f(x) = tanz for 0 < x < 1 is given by 


1 
@) f y 1+ tant «dr 
0 


Solution: 


[ 1+ (f'(x)? dx = i 4/1 + (sec? x)? dx 


The answer is (d). 


1 
o) f sec x dx 
0 


1 
(c) f v1 + sec? x dx 
0 


1 
(d) f v1 + sect x dx 
0 
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4. Which of the following is equal to sin(3A), for all values of A? 


(a) 3sin A — 4sin? A 
(b) 3sin Acos A 
(c) 4sin A — 3sin? A 


(d) 3sin A + 4sin? A 


Solution: Try A= 5 then sin(3A) = —1. 
Check: choice (a) also gives —1 but choice 


(b) gives 0, choice (c) gives 1, and choice 
(d) gives 7. 


The answer is (a). 


In2 
5. The value of f e” ln(e” + 1) dz is given by 
0 


In2 
(a) f ln u du 
0 


Solution: Let u = e” + 1; then du = e” dx. Then 


In2 3 
f e” ln(e” + 1) dx = f ln udu 
0 2 


since u = 2 when x = 0, and u = 2 + 1 = 3 when 
= n2. 


The answer is (c). 


Solution: The combined area of the two triangles is 2+ 8 = 10. 


The answer is (a). 
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. Find the following limits: 


(a) lim 2x — sin~' (2x) 
x—0 73 


The limit is in the 2 form; use L’Hopital’s rule: 


era 


2x — sin™ t (2x) ' rae 
lim a = lim 372 , still D form 
1 —8r 

2 2 (1 — 47r2)3/2 

= lim aee , by L’Hopital’s rule 
3 20 20 

_ 4 i 1 

T 320 1 — 422)872 

o 4 1 

= 3 (1 — 0)8⁄2 

_ 4 

> 3 


(b) lim (1 + — tana) 


T— OO 


Solution: Since 

. [T E 

lim (= — tan x) = 0, 
the given limit is in the 1° form; let the limit be L, and evaluate the limit of In L by 
using L’Hopital’s Rule: 


Int = lim zln (1 + — tane) , which is in the co - 0 form 
In @ + es tan! x) 0 
= lim 2 I , which is in the D form 


1 —1 
1+%-—tan'e2 \1+2? 


= li I , by L’Hopital’s rule 
a? 
2 
1 
= limi 20, since lim azz = 1 
aco 1 + x? z>œ 1+ 5—tan g 

= 1 

>L e 
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8(a) Find F"(4) if F(x) = f ae dt. 


TE 


Soluton: By the Fundamental Theorem of Calculus, and the chain rule, 
21 1 11 


Da 2a 


—T 


So 


1 
8(b) Show that f cos zdr =r. (Hint: draw a graph.) 


—1 


Solution: using symmetry. 


1 
/ cos ta dx 
= 


is the area under y = cos! x. From the diagram you can 
see that this area is the area of the rectangle with base 1 
and height 7, excluding the area A, of the region above 
y = cos !a, below y = 7, including the area Ay under 
y =cos'z for x = 0 to z = 1. By symmetry, A; = Av. 


Thus 
1 


cos ladzr =a — A + Ao =T. 
=i 


Alternate Solution: more formally, using integrals, to calculate A; and Ab. 


1 0 1 
f cost gdr = m-— f (x —cos ! x) dx + f cos™! g dg 
£ 0 


1 —1 


T T/2 
(in terms of y) = T— f (0 — cos y) dy + a cos y dy 
T/2 0 


T T/2 
= n+ f cosydy + f cos y dy 
T 0 


72 
= m+ [siny]; + [sin yar? 


m+ sina — sin(7/2) + sin(7/2) — sin 0 
m+0—1+1-—0 


= T 
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9. Suppose the velocity of a particle at time t is given by v = 3t? — 6t, for 0 < t < 4. Find 
the following: 


(a) the net change in position of the particle from t = 0 to t = 4. 


Solution: 


4 4 
net change in position = | vdt = l (30? — 6t) dt 
0 0 


4 
= [t D 30], 
= 64—48 

= 16 


(b) the total distance travelled by the particle for 0 < t < 4. 
4 
Solution: total distance travelled is given by f \v| dt. 
0 


Since v = 3t(t — 2), 


v<0Ofor0<t<2 


in 


and 
v>0fr2<t<4. 


> 


o 
a ea 


Therefore the distance travelled is 
4 2 4 
f |v| dt = f (—v) a f vdt. 
0 0 2 


Calculate: 


/ 


ra 


Oe: eee 20 24 28 32 36 4.0 


it 


uw 


Le 


2 4 
f (6t — 3t°) dt + f (3t? — 6t) dt 
0 2 


= [37-4], + [P37], 
= (19> 8) + (64-48 8 4 12) 
= 24 


4 
f joldi 
0 
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10. The Average Value Theorem, as stated in our text book, says 


If f is continuous on [a,b], then 


fe) = | Fod 


for some number 7 in [a,b]. 


(a) Illustrate this theorem with a suitable picture, and indicate why, to quote Edwards 
and Penney, it means: 


Every continuous function on a closed interval attains its average value 
at some point of the interval. 


y 
M 
Solution: the average value of f on [a,b] is 
= 1 
F= z; | tee F 
The theorem says there is 7 € [a,b] such that 
Bae, oe m 
f@) =f 
that is, f is in the range of f. K er far - 


(b) Use the Intermediate Value Property to prove the Average Value Theorem. 
Solution: Since f is continuous on |a, b], there are numbers c, d € [a,b] such that 


m= flo) < f(z) < f(d) = M 
for all x € [a,b]. Thus 


b b b 
| mdr < f(x) dx < | Mdz 
b 
=>m(b—a)< f(x) dx < M(b-a) 
b 
>m< a f(x)d£ <M 


So f is an intermediate value between m and M. By the Intermediate Value 
Property there is an 7 € [c,d] C [a,b] such that 


f@) =f. 
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11. A storage tank, full of water with density p, is in the shape of a sphere with radius 


1 m. How much work is done in emptying the tank by pumping all the water up to a 


transfer pipe 1 m above the top of the tank? 


Solution: a side view of the tank is to the right. The origin is chosen as the centre of 


the circle; its equation then is x? + y? = 1. 


f—_—— 
The cross-sectional area of the tank at isd 
height y is given by sis 
Att 
A(y) = Tz? = q(1 — y’). F os i 
The height of the transfer pipe is h = 2; | - : | 
the bottom of the tank is at a = —1 p e ge i r 
and the top at b = 1. \ HE f 
sq] 


The work done in emptying the tank by pumping all the water up to the transfer pipe 


1S 


W 


i pgA(y)(h — y) dy 
= J pgn(1 — y?)(2 — y) dy 


1 
= por f (y? — 24? — y + 2) dy 
=i 


i 2 3 1 4 i 
= aay = 2 
por 7 34 au + “| 
8 
= -pgr 


Alternate Solution: if the origin is chosen to be at the bottom of the circle, then its 


equation is x? + (y — 1)? = 1; and A(y) = mz? = n(2y — y”),h 


W = f pgT(2y — y*)(3 — y) dy. 
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3,a = 0,b = 2. So 


12. A spherical snowball is melting in such a way that the rate of decrease of its volume is 
proportional to its surface area. At 9AM its volume is 500 cc and at 10AM its volume 
is 250 cc. When does the snowball finish melting? 


Solution: use r 
V = a and SA = 4rr?. 


It is given that 


“ = kSA = 4krr?, for some constant k. 
On the other hand, differentiating V with respect to t gives 
A 
dt dt 
Comparing these two expressions for a gives 
ire =4krr? => - =k 


> r= f kat 


=> r=kt+c, for constants k,c 


Let t be measured in hours since 9 AM, and use the given data to find k and c: 


At 10 AM: t=1,V = 250: 


At 9 AM: t=0,V = 500: 


4 375\ 1 
i hos 1/3 ant 250 r (=) 
znr” = 500 r (=) i 
3 T 375\ 
=> k+c= (=) 
2T 


375)" (35 
20 T 


) 1/3 


Finally, the snowball has finished melting when r = 0 : 


C 


>t 


cay" 


T 


1 


k (32 


2T 


375 


Tv 


E 


ea T 


1 — 271/3 


The snowball will be finished melting at approximately 1:51 PM. 
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~ 4.85. 


1 
13. Let R be the region in the plane bounded by x = 1, x = 2,y=0 and y = —. 
z 


(a) [6 marks] Find the volume of the solid of revolution obtained by revolving R about 
the line z = —1. 


Solution: using method of shells. 


. 1 
V = | mardga 


2/1 1 
1 T T 


172 
= 2r fine - 2 


tji 
= 2rln2-—r+2r 
= 2mln2+r or 7(1+]n4) 


PTT Tt | 
i 0 i 


0.5 1 


(b) [6 marks] What is the volume of the solid of revolution obtained by revolving R 
about the line y = 2? 


Solution: using method of discs. 


2 1 2 
f “(#-(2-3) dx 
1 T 2.0 
2 4 1 he 
2/4 1 wll 
- af (5-3) a 


V 


4 11)? he 
= dea n 
1 1l i 044 Een ee 
ere = — 
24 3 CETE E iA me A 
41 A205 da 2 OLF ES FS Ge AF: Ee AS: 20 
~ 24 


Page 10 of 10 


University of Toronto 
FACULTY OF APPLIED SCIENCE AND ENGINEERING 
Solutions to FINAL EXAMINATION, APRIL, 2009 
First Year - CHE, CIV, IND, LME, MEC, MMS 


MAT186H1S - CALCULUS I 
Exam Type: A 


Comments: 


1. Very few students knew the formulas for Question 8. Most of those who did, couldn’t 
simplify ds properly. Question 8 turned out to be the hardest question on this exam, 
even though it was right out of the assigned homework—+#35 of Section 6.4—and 
should have been aced. 


2. The L’Hopital’s Rule questions in Question 11 are very routine, but very few stu- 
dents handled them correctly. 


3. Unbelievably, there were many students who thought 


1 1 1 
Va? +b =a+bor =-4-. 
a+b a b 


Breakdown of Results: 57 students wrote this exam. The marks ranged from 21% to 
91%, and the average was 61.6%. Some statistics on grade distributions are in the table 
on the left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 3.5% 


5.3% | 80-89% 1.8% 
29.8% | 70-79% 29.8% 
24.6% | 60-69% 24.6% 
21.0% | 50-59% 21.0% 
19.3% | 40-49% 10.5 % 
30-39% 3.5% 
20-29% 5.3% 
10-19% 0.0% 
0-9% 0.0% [g cl] 
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Ho a w e 


1. What is the equation of the tangent line to the graph of f(x) = e 


(x,y) = (0,1)? 
(a) y = 2x 

(b) y= 2241 
(c) y= 2-1 
(d)y=art+1 


2. The volume of the solid of revolution obtained by revolving the function f(x) = 2°, 


2” at the point 


Solution: f'(x) = 2e°™ > f'(0) = 2. So the equation of 
the tangent line is 


= f'(0) ey =2e+1. 


The answer is (b). 


2 


for 0 < x < 1, around the z-axis, is equal to 


oala FIA wily NIJA 


3. How many vertical asymptotes are there to the graph of f(x) = 


Solution: use the method of discs. 


1 1 
V= f r(x’) dr = f rxt dz 
0 0 


I 
S] 
| eT | 
| = 
8 
oO 
| | 
i=) = 


The answer is (d). 


sin(x? — 1) a 
vt — 5r? +4 
Solution: 
sin(x? — 1 sin(x? — 1 
T o (? — 1) 


rt 5r? +4 (x? — 1) (x2 — 4) 


There are removable discontinuities at x = +1; there are 
infinite limits as xz — +2" and as z — +27. So only x = 
+2 are vertical asymptotes. 


The answer is (b). 
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1 
4. If sinf = Fi and cos@ < 0, then the exact value of sin ¢ + 0) is 


1— v15 Solution: 
4/2 
sin (7 +0) 
1+ V15 
2 
v Dae e. 
2 v24 
—1 + v15 


-1 — v15 l 
WA The answer is (a). 


(a) 


. T T., 
sin — cos 8 + cos — sin 0 
4 4 


(b) 


4 
(c) 


(d) 


8 
(a) J uv 4 + u? du 
1 


Solution: Let u = 2°; du = 3x? dz. 


8 
o) + f EE a VIF 1 PFET, 
3J u = dr = 3J 3 3x2 dx 
1 


8 2 
Íe o 1 V4+u 
(c) F uv 4 + u? du = sf m du 
EEE The answer is (b). 
1 u 
6. lim ee 
x—0 zr? 
(a) 1 Solution: use L’Hopital’s rule three times. 
3 
imt? L tim sec? x — 1 
(b) 1 2—0 73 ae =) 372 
6 _ 2sec?xtanzr 
= lm ——— 
1 x—0 Ox 
(c) =z Weg sing 1.. BOs a: 1 
3 = lim = - lim = 
A 32-0 T 3230 1 3 
(d) -5 The answer is (a). 
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_@+ar-1 


7. [24 marks] Let f(x) , for which you may assume 


(a) [4 marks] Find the open intervals on which f is increasing; decreasing. 


Solution: 
fie) CSG = 2) Sel Ss << ore > 2: 


so f is increasing on (—oo,0) and on (2, 00). 


fae 2) <02A71LS e972. 9S bk 
so f is decreasing on (0,1) and on (1, 2). 


(b) [4 marks] Find the critical points of f and determine if each critical point is a 
relative maximum or a relative minimum point. 


Solution: 

f'r)=0&r=00rzr=2. 

By the first derivative test, and part (a), f has a maximum at (z,y) = (0,1), 
and f has a minimum at (x,y) = (2,5). 

Or, use the second derivative test: 

f”(0) = —2 < 0, so f has a maximum at (x,y) = (0,1); 

and f”(2) = 2 > 0, so f has a maximum at (x,y) = (2,5). 


Page 4 of 10 


(c) [4 marks] Find the open intervals on which f is concave up; concave down. 


Solution: 
P@)>lUSee2-15>0e2>1; 


so f is concave up on (1, o0). 


f'(¢) <Ve2-1<0e2¢ <1; 
so f is concave down on (—oo, 1). 


(d) [6 marks] Find all asymptotes to the graph of f, if any. 


Solution: 


1 
=r+2 i 
f(x)=x£+ UEL 


so y = x + 2 is a slant asymptote to the graph as x — +oo. Consequently, 
there are no horizontal asymptotes. 


Since 
lim f(z) = —oo and lim, f(x) = œ, 


z—1- 
the graph of f has a vertical asymptote at x = 1. 


(e) [6 marks] Sketch the graph of f labeling all critical points, inflection points and 
asymptotes, if any. 


Solution: 


You should label: 
1. the maximum point at (0,1) 
2. the minimum point at (2,5) 
3. the vertical asymptote at x = 1 
4. the slant asymptote at y = x + 2 
There are no inflection points. 
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1 
8. [12 marks; 6 for each part] Consider the curve y = x? — 3 Ing; for 1 < x < 2. Find 
the following: 


(a) The length of the curve. 


Solution: compute ds carefully; you need it for both parts. 


dy \* iV 
ds=,/l+{—) dr = 1+ [2x — — J) dz 
dx 8x 


So the length of the curve is 


i 2 1 1 3 1 
t= f as= f 2x + — | dz = |z? + -lnz|) =3+-ln2. 
i i 8x 8 i 8 


(b) The surface area of the solid of revolution obtained by revolving the curve 
about the y-axis. 


Solution: using ds as above. 


2 2 
SA s 2rzds = I 2T (20+ =) dx 
1 1 8x 
1 


2 
x 
= 2 |r? + 
[iets], 
= 5r 
= 12 
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9. [10 marks] Suppose the velocity of a particle at time t is given by v = 4t — t?, for 
0 <t <6. Find the following: 


(a) [5 marks] the average velocity of the particle for 0 < t < 6. 


Solution: 


1 fê 
fva 
6 Jo 


O ole ORF Ole 


(b)[5 marks] the average speed of the particle for 0 < t < 6. 


Solution: v<0e4<t<6. 
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1 6 

1 i 1 fê 

al vatz f (—v) dt 
0 6 J4 


6 

1 eye 178 $ 
5 [2-5 | +352] 
1 


3|, 6l3 ; 
p 32 
18 18 
32 
9 


10. [10 marks] A spherical storage tank with radius 1 m is full of water with density p. 
How much work is done in pumping the water from the top half of the tank up to 
a transfer pipe 2 m above the top of the tank? 


Solution: 
y 
a 
Aly) = mr’ 
= m(1—(y—1)’) 
= a(l—y?+2y—-1) 
qh y) = m(2y— y’) 


Prus =a 
For the top half of the tank, 1 < y < 2, so 


b 
W = f pgA(y)(h — y) dy 
3 
= f pgm (2y — y’) (4 — y) dy 
! 2 
= pgr 1 (8y — 6y” — +y°) dy 
1 Pe 
= pgr o = 24’ + r] 
4 í 


7 
= —pgt 
gP9g 
Alternate Solution: put the origin at the centre of the circle. Then 


W = f ora- 


1 
por f (3 — 3y? — y +°) dy 
0 
1 


2 4 
yY yY 
= 3 3 
= por By — 9 T3 T o 


i 
= GPgm, as before. 
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11. [10 marks] Find the following limits: 


(a) [5 marks] lim x (e3/* —1). 


0 
Solution: The limit is in the oo -0 form; rewrite it as a fraction in the 9 form 


and use L’Hopital’s rule: 


3/21 0 
lim x (e%/ — 1) = Tie , which is in — form 

BEP 

= lim a by L’Hopital’s rule 

a 
= 3 lim e?/* 
= se 
3 
3/a? 


(b) [5 marks] lim (1+ sin7*(x*)) 
Solution: Since the given limit is in the 1° form, let the limit be L, and 
evaluate the limit of In L by using L’Hopital’s Rule: 

nL = limIn (1+ sints?) 


=k 


l 1 + - —1/,.2 0 
= 3lim A = ie )) which is in the ~ form 
x0 x 0 
1 2x 
1 + sin™ (x?) 1 — (z3)? 
= 3lim , by L’Hopital’s rule 
20 2x 
3li : : 
= im 
z>0 1 + sin (x?) /1— 24 
= 3 
>L e? 
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12. [10 marks] Find the following: 


(a) [5 marks] F’(e), if F(x) = i V3 +t dt. 


0 


Soluton: By the Fundamental Theorem of Calculus, and the chain rule, 
1 
F(z) = V3+n's G) : 


So 


É dx 
(b) [5 marks] f ERIT 


Soluton: Use the Evaluation Theorem, and a substitution. Let u = ln z. Then 


ede a 
x 
ia dx E k du 
, a[l+(Inz)2] — Jo 142 


= [arctan u], 


= arctan 1 — arctan 0 
T 


4 
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University of Toronto 
FACULTY OF APPLIED SCIENCE AND ENGINEERING 
Solutions to FINAL EXAMINATION, DECEMBER, 2009 
First Year - CHE, CIV, IND, LME, MEC, MMS 
MAT186H1F - CALCULUS I 
Exam Type: A 


General Comments: 


1. 


This exam consisted almost entirely of routine, standard problems. The only exception 
was the very last question. Two of the asymptotes are straightforward to find, but the 
calculation of lim f(x) is quite messy. You have to use L’Hopital’s Rule at least twice. 


. In Question 9, the most common error was to miss the inflection point at x = 0. 


. Question 11 was done very badly! This is surprising on two accounts: it was based on 


a WileyPlus homework question, and the question itself is high school level. 


. Both parts of Question 12 could be done with either method, discs or shells, but both 


questions are most appropriately done by integrating with respect to x. 


. In Question 13(a), a lot of students had no idea what the correct formula for surface 


area is. 


. It was absolutely astounding how many students thought the square root function (to 


mention only one) is linear. So in Question 11 many students simplified the equation 
of the ellipse incorrectly to 3x + 4y = 12. 


Breakdown of Results: 466 students wrote this exam. The marks ranged from 18% to 
98%, and the average was 64.2%. Some statistics on grade distributions are in the table on 
the left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 


90-100% 5.2% 


H I a we 


17.0% | 80-89% 11.8% 
24.0% | 70-79% 24.0% 
21.7% | 60-69% 21.7% 
18.9% | 50-59% 18.9% 
18.4% | 40-49% 11.5% 
30-39% 41% 
20-29% 2.4% 
10-19% 0.4% 
0-9% 0.0% all 
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1. Let f(x) = x?. What is the average value of f on the interval [—1, 1]? 


1 
(8) 4 Solution: 
1 
(b) py 1 3971 
: fxe = SH fear = 5/5 
(c) 3 = = 
2 The answer is (b). 
(a) 5 


2. If Newton’s method is used to approximate a solution to the equation x? — x — 7 = 0 
and zo is chosen to be 2, then the value of x2 is 


(a) 2 Solution: Pa 

(b) 2.09090909... Ra or a eee 

(c) 2.08675431 ... zo = 2 > x, = 2.09090909... + £3 = 2.08675431... 
(d) 2.45454545... eee 


2 
5 
3. Let f(z) = = = . Which of the following statements is a true statement about the 
x 


function f on the interval [—8,—2)? 


(a) The absolute maximum value of f on the interval [—8, —2) is —10 and the absolute 
minimum value of f on the interval [—8,—2) is —11.5 


(b) The absolute maximum value of f on the interval |—8, —2) is —5 and the absolute 
minimum value of f on the interval [—8,—2) is —8. 


(c) The absolute maximum value of f on the interval [—8,—2) is —5; there is no 
absolute minimum value of f on the interval [—8, —2). 


(d) The absolute maximum value of f on the interval [—8, —2) is —10; there is no 
absolute minimum value of f on the interval [—8, —2). 


Solution: 


9 
“(Eo 


=0=>2=-—5orl 


f(—8) = —11.5; f(—5) = —10; and lim f(x) = —oo 


r——2- 


The answer is (d). 
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4. The area of the region between the two curves with equations y = 4x? and y = 2° for 
0 <a <6 is given by 


Solution: 47? = r? & zr =0orr=4 


(a) f arji á 
(b) / aa E 


(c) [oe — 4a?) dx + [uw — z?) dz 


4 6 
(d) f (4a? — 2°) dx + f (x? — 4x) dx = a 
0 4 


The answer is (d). 


9 
d 
5. The value of 1 ae is given by 
1 
3 Qdu 
a canm 7 
1 (u? +1) z 


Solution: Let u = yx; then du = ——. So 


N 


(b) mo 9 T 9 u 


i du 
(c) / 2(u? + 1)? since u = 1 when x = 1, and u = 3 when x = 9. 
: du The answer is (a). 
(d) f ae 
1 2(u? + 1)? 


6. Suppose the position of a particle on the z-axis at time t is given by z = —4t? + 8t — 5. 
For which values of t is the particle slowing down? 


(a)t>1 Solution: 

dx dv 

v= — = —8t + 8; a = — = —8 <0. 
(b)t<1 dt dt 
The particle is slowing down if 
(c) t>2 
av<OSvu>068>8e1>t 

(dji<2 The answer is (b). 
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7(a) [5 marks] Find F’(2) if F(x) = m v +9dt. 


Soluton: By the Fundamental Theorem of Calculus, and the chain rule, 
F' (x) = 2x y (x?) +9 = 2x Vrt + 9. 


So 
F'(2) = 4 V16 +9 = 20. 


7(b) [5 marks] Find | i (= =) ae 


Solution: 


|l 
NI © m 
v| S, 
+ 
= 
8 
| R} 
T 
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8. Let f(x) = xe~® for which f'(x) = e7? — 222e-*’. Find the open intervals on which f 


is increasing and the open intervals on which f is decreasing. Find the critical points 
of f and determine if they are relative maximum or relative minimum points. 


Solution: f'(x) = e7% (1 — 2a”). Then 


1 1 
f'(z) > 061-27 >06 r<- S- = 


a a ~ <z 


and i 
f(z) <0 81-27 <0Sr >-Sr<-— or z > 


1 
2 7 v2 


1 1 
So f is increasing on the interval (-= =) 


V2 V2 

df isd j the int l ( : ) d ( : ) 

and f is decreasing on the intervals | —oo, -—= | and [{ ——, œ }. 
i V2 Z 
beni f E : 1 1 
By the first derivative test, f has a relative minimum point at 2o oe and a 
e 
: f ; 1 1 

relative maximum point at | —, —= }. 


V2? /2e 


For interest, the graph of f is shown below: 
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9. Let f(x) = 6r! + 324/3 for which 
4 4 
f"(z)= = + gu. 


Find the open intervals on which f is concave up and the open intervals on which f is 
concave down. Find all the inflection points of f. 


4(1— zx) 
: . fll Se 
Solution: f”(x) = 3 ps . Then 
ip l-z 
f(a) >0e— 7 <0e@e<0org>] 
T 
and 
j l-r 
f") <0 s >080<r<l1. 


x5/3 


So f is concave up on the intervals (—o0, 0) and (1,00); and f is concave down on the 
interval (0,1). The two inflection points are (0,0) and (1,9). 


For interest, the graph of f is shown below: 
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. Suppose the velocity of a particle at time t is given by v = 6t — 2t?, for 0 < t < 4. Find 
the following: 


(a) [4 marks] the average acceleration of the particle for 0 < t < 4. 


Solution: 
1 4 
aave = if adt 

1 

= 7 [lo 
1 

= -(24—32-—0 
= ( ) 

= -2 


(b) [6 marks] the average speed of the particle for 0 <t < 4. 
Solution: v = 2t(3 — t). So 


v>0for0<t<3 | a 
J ? 4 
aam] p 


and J 
v<Ofor3<t<4. eee ve ee ts Ps 4 TEAS 


The speed of the particle at time t is |v| and 
the average speed is given by 3 


1 4 4 
lvlavg = al |u| dt. aed 
Calculate: 
1 4 1 3 4 
— | wld = = (| vdt+ | (-v) it) 
J 4 Jo 3 
1 2.1]? +P $ 
pe-ar], 
ou 
= 4 12 
19 
© 6 
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11. Find the dimensions of the rectangle (centered at the origin) with maximum area that 
2 2 


x 
can be inscribed inside the ellipse with equation — + -si 


42 3 
Solution: let the vertex of the rectangle in the first quadrant be (a,b), a > 0,b > 0. 


Then the area of the rectangle is 


A = 4ab 


and the problem is to find the maxi- 
mum value of A such that 


Solve for b in terms of a : 


Thus as a function of a, 


2 
Ani e SUN ET. 


The problem is to maximize A on the interval [0,4]. At both endpoints a = 0, a = 4, 
A = 0. So the maximum value of A must be at a critical point in the interval (0, 4). 


dA 3a? 48 — 6a? 
ene n uS a 285428 Go. 
da vV16—a? v16 -— a? 


The dimensions of the rectangle with maximum area are 


2a x 2b = 2V5 x 2 ( 5z) = 2V8 x 3V2 


(and the maximum area is 24.) 


Alternate Simplifying Calculations: 
dA 
A? = 9a? (16 — a°) = 144a? — 9a* > 2A = 288a — 36a? = 0 & a = 0 or a? = 8; 
a 
or x = 4cost,y = 3sin t > A = 4 - 4cost - 3 sint = 24sin(2t) = 24 & t = T /4. 
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12(a) [6 marks] Find the volume of the solid of revolution obtained by revolving the region 


enclosed by x = 0,2 = V3,y = 0 and y = 


1 
about the y-axis. 
1+? 


Solution: use the method of cylindrical shells. 


TN 
034 io V3 
os] \ V = f 27x y dx 
or ha 0 
os] S v3 2T 

4 ka = T f A dx 
yos n 0 £ + 1 
“i “Meg = r fine? +1] 
02 = 7 (In4—Inl) 
"al = 7ln4 


1/4 1 1 
Alternatively with discs: V = f m(W3)? dy + | T G — i) dy 
0 1/4 y 


12(b) [6 marks] Find the volume of the solid of revolution obtained by revolving the region 
enclosed by the curves y = x,y = x7,x = 0 and x = 1 about the line with equation 
y= =]: 


Solution: use the method of discs (or washers.) 


1 
V = 1 (n(x +1)? — r(x? + 1)*) dz 
0 
1.04 ZZ 1 
“al PJ = 7 f (x° Logs Loy Soe = 1) dx 
0.6- e 0 
os] spe ae 1 
we = T f (2x = = xt) dx 
ut r - al a a eT ard 0 
sett O01 02 03 04 05 06 OF 08 09 10 r3 r5 1 
x 2 
va SN Ee 
aa! 
‘fl i | 
f a = TT 1 ee 
104 3 5 
B 71 
= D5 


1 
Alternatively with shells: V = f 2n(y + 1)(vy — y) dy 
0 
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13(a) [6 marks] Find the area of the surface generated by revolving the curve with equation 
y = 2y 1 — x, for —1 < x < 0, about the z-axis. 


Solution: 


0 2 
sa= f 2n-Yy i+ (2) dx 
ay dx 


0 zj 2 
2 1 d 
i TY +( =) x 
2 2-2 
= 2r f Do ed eae dx 
—1 l-r 


0 
ar | V2 — zdz 
-1 


0 


4n -4 (2— oe" z = (3v3 - 2v2) 


—1 


ay? dx \* y? 
Alternatively with respect to y : SA = i 2ry4\/ 1+ @ dy, with x = 1 — T 
2 y 


1 a — tan! g 


13(b) [6 marks] Find all the asymptotes to the graph of f(x) = (= 


Solution: y = 0 and x = 0 are obvious asymptotes, since 


lim f(a) is of the form 0”, and lim f(a) is of the form oo". 


w—-—Oo 


L = lim f(z) is in the 0° form and turns out to be 1, but it is quite messy to calculate: 


è T =] 2 5 =i i lng 
ln L = lim (5 — tan z) (-Inz*) = — lim (7 — 2tan™ x)ln gz = = Tim = Dang) 
(using L’Hopital’s Rule) = — lim ue 
z>% —(7 — 2tan7' z)? (—2/(1 + 2?)) 
1... (r—2tan 12)? 
= —- lim 


2 2-00 xr/(1 + z?) 
(n — 2tan™t! x)/(1 + 2?) 


(using L’Hopital’s Rule) = 2 Jim a 
1 2 
= 2lim(x—-2tan™' x) lim = =; 
~—00 E00 LT 


= 2-0-(-1)=0 


So ln L = 0 & L= eœ = 1, which means y = 1 is also an asymptote to the graph of f. 
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General Comments: 


University of Toronto 

FACULTY OF APPLIED SCIENCE AND ENGINEERING 
Solutions to FINAL EXAMINATION, DECEMBER, 2010 
First Year - CHE, CIV, IND, LME, MEC, MMS 
MAT186H1F - CALCULUS I 
Exam Type: A 


1. In l(c), some students were confused between ‘distance travelled’ and ‘displacement,’ 
to use the terminology of the book. See page 377. 


2. In 1(d) many students turned an essentially short question into an incredibly messy, 
convoluted—and invariably incorrect—calculation. 


3. In 2(a) many students forgot to use the chain rule; in 2(b) many students tried incor- 
rectly to reduce the problem to sin7! u. 


4. Questions 3, 4, 5, 6 and 7 covered basic applications of the derivative. These questions 
should all have been aced! Probably they could have been done in high school. 


5. The fact that in Question 8(a) 


f exe? -1)ae= f 2s (3 — (2? — 1) ) dx 


is just a coincidence! So some students got the correct answer for the wrong reason. 


Breakdown of Results: 482 students wrote the exam. The marks ranged from 2% to 98%, 
and the average was 65.9%. Some statistics on grade distributions are in the table on the 
left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 6.2% 

A 23.6% | 80-89% 17.4% 
B 21.0% | 70-79% 21.0% 
C 22.0% | 60-69% 22.0% 
D 16.2% | 50-59% 16.2% 
F 17.2% | 40-49% 11.4% 
30-39% 3.5% 

20-29% 1.5% 

10-19% 0.4% 

0-9% 0.4% 
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1. Find the following: 


(a) 6 manes] f (5 3g tSsine +2) de 


Solution: 


1 p t3sins+Ż dx = [lm ae +3 f sinede + = 
1422 1+ 2? z 


= tans -— 3cosg + ln |z| +C 
(b) [6 marks] the average value of f(x) = e~?” on the interval [0, 4]. 


Solution: use the formula for average. 


: 1f e274 1 1 1 
E aa —2r e ee ees -8_1 SEER te S 
of to f(x)dx í ede zl 5 I a ) = ( =] 


(c) [6 marks] the distance travelled by a particle for 0 < t < 4 if its velocity at time 
t is given by v = Vt—1. 


Solution: observe that v <O0ifO0<t< 1. 


1 


[ lv] dt = [i (1—vi) ats f Vindi = k- 13 -| = st =2 


(d) [6 marks] lim (4x ae qytenine/?) 


T 


Solution: the limit is in the 1% form. Let the limit be L. 


lnl = lim tan(m2/2) In n(4x — 3) 

— jim 4 — 8) In(4z — 3) 
z>1 ao 

VH) = lim a3 

ey oa esc? (ma /2) 1/2 
se 
ot 

>L = ei 
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2. Find the following: 


(a) [5 marks] F’(2) if F(x) = I "N 


Soluton: By the Fundamental Theorem of Calculus, and the chain rule, 
F' (£) = 2x eV” = 2x el, 


So 
F'(2)=4@. 


(b) [5 marks] f qo 


Solution: let u = 4 — 3x”. Then du = —6 dz and 


[ate z TE 
0 V4 — 3x? 6 4 Ju 
E T 
= 6j yu 
1 
= 5 va]; 
1 
= (4-2 
= (4-2) 
ot 
= 3 
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3. [10 marks] Let f(x) = 4x! — 24/3, for which you may assume 


4(2 
Pe)= sas 


Find the open intervals on which f is concave up and the open intervals on which f is 
concave down. Find all the inflection points of f, if any. 


4 (2+ x) 
e . fl d E 
Solution: f”(x) = TE . Then 
i a E 0 
f (z) >0 S -373 < &—2<r< 
and ae 
F(a) <0 5 > 0 Sr <2 org >O. 
£ 


So f is concave up on the interval (—2, 0); 
and f is concave down on the intervals (—o0, —2) and (0, 00). 


Consequently there are inflection points at (0,0) and (—2, —6 - 21⁄3). 


For interest, the graph of f is shown below: 


2.5 
x 


-4 -2 2 4 
Lig tp tit igh bide Pee Sy 
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4. [12 marks] Consider f(x) = sin? x — cos x on the open interval (—7, 37). Find the open 
intervals on which f is increasing and the open intervals on which f is decreasing. Find 
all the critical points of f in the interval (—7,37) and determine if they are relative 
maximum or relative minimum points. 


Solution: f'(x) = 2sinxcosx + sin x = sin z (2 cosx +1). Then 

2m 2n An 8r 
33°33 
for x in (—7, 37). The sign of the derivative switches at each critical point; that is 


1 
7 (2) =0S sing =0 or cost = —> => £= 0,7, 20 or £ = — 


i 27 27T Ar 81 
f(a) > 0 & -=r <z <- or0<a< OTE > O 2T <E 


So f is increasing on the intervals 


2T 2T At 81 
(-.-F] A (o Z) 3 G +) and (2r, r) ; 


and f is decreasing on the intervals 


2T 27 4T 8T 
(-F.0) i (Fa) ; (F2) and (F3) ; 
The four maximum points are 
2m 5 27 5 4r 5 8r 5 
(- 3 2G S 3) oe (F3) 
and the three minimum points are 


(0,-1),(a,1) and (27, —1) 


For interest, the graph of f is shown below: 
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2 
5. [10 marks] Find all the asymptotes to the graph of f(x) = = and sketch its graph. 
Xx == 


You may assume that 


x(t ~2) n Wn) = 2 
cs Ge 


Label the asymptotes, the critical points, and the inflection points, if any. 


F(=) = 


Solution: 

R 1 
= 1 + —— 
z-1 ” seas eae 


so y = x + 1 isa slant asymptote to the graph of f; and x = 1 is a vertical asymptote 


since 
2 2 


: : x 
lim =—ooand lim 
xal- £T — r=l1+g— 1 


fle) =0S2S 0 or 2: 
f°) =-2<0, f"(2) =2 > 0; 


By the second derivative test, (0,0) is 
a maximum point, and (2,4) is a mini- 
mum point. The graph of f is concave 
up if x > 1, concave down if x < 1. 
There are no infleciton points. 
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6. [12 marks] An open box is to be made from a 1 m by 3 m rectangular piece of sheet 
metal by cutting out squares of equal size from the four corners and bending up the 
sides. Find the maximum volume that the box can have. 


Solution: let the dimensions of each corner square be a x a. Then the dimensions of 
the box are (3 — 2a) x (1 — 2a) x a and the volume of the box is 


V = (3 — 2a)(1 — 2a)a = 4a — 8a? + 3a. 


Since lengths must be positive, a < 1/2. The problem is: find the maximum value of 
V on the open interval (0, 1/2). Compute: 


dV 
g 7 120 - 6a +3 | | | | 
a 
and 1 — 2a 
av = 24a — 16 
Ja Oo 
a 3 — 2a 
Then 
dV jes 16 + V256- 14 4v7 
oa a T = . 
da 24 6 
Of these two, only 
4— 1 
Gs ua ~ 0.2257 is in (o 5) : 
6 2 
At this point 
V 
ae tt VO Sa 0, 


Indeed, 


dV : 1 
Pra < 0 for all a in (o 5) 


so V does attain its maximum value at a = (4 — V7)/6. The maximum value is 


4 (2 4) =E ( 4) i (i 4) = = (7v7- 10) ~ 0.316 


cubic metres. 
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7. [10 marks] A conical water tank with vertex down has a radius of 3 m at the top and is 
8 m high. If water flows into the tank at a rate of 1 m?/min how fast is the depth of 
the water increasing when the water is 5 m deep? 


Solution: Let the radius of the cone at height y be x and consider the side view of 
the cone, below. By similar triangles, 


3 3 
y 2 eor= aN 
(3,8) v 8 
In terms of the depth of the water, y, the volume of 


the water is 
(x,y) P T 3y 2 7 3rry3 
ae ae 


By the chain rule, 
dV dVdy _ 9ny? dy 
dt dyd 64 dt’ 


Substitute 


and solve for ay 
dt 


dy 641 64 


dt 9m5? 2257 
Thus when the depth of the water in the tank is 5 m, the depth of the water is increasing 
at a rate of 


282. £6550 
2257 


m per min. 
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8. Let f(x) = zx? -— 1 for 1 <x < 2. Find the following: 


(a) [6 marks] the volume of the solid generated by revolving the region between the 
curves y = 3 and y = f(x) for 1 < x < 2 about the y-axis. 


Solution: use the method of shells. 


v= f oz @-@-9) dz = [or24-2 ar 


472 
= 2r pe — z 
1 
D Or 
= 2 
3 2 Or 
Alternatively: discs with respect to y. V = 1 T (v + 1) = e) dy = 9° 
0 


(b) [6 marks] the area of the surface generated by revolving the curve y = f(x) about 
the y-axis for 1 < x < 2. 


Solution: integrating with respect to zx. 


2 
y= -1s 2a 205 1+ (2) dx = V1 + 42? dz. 


2 dy \2 
SA = [ne + (2) dx 
1 \ dx 
2 
= a f 2x v1 + 4r? dx 
P i 
(Let u=1+427) = | yudu 
5 
_ 7/2 3a] 
4|3 |, 
T 
a T (172 — 5) 


Alternatively: integrate with respect to y, with z = yvy + 1. Then 


3 d 2 3 
sa= f arai (2) a= [ ry/4y +5 dy = = (179? — 59”). 
0 y 0 
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University of Toronto 


FACULTY OF APPLIED SCIENCE AND ENGINEERING 
Solutions to FINAL EXAMINATION, DECEMBER, 2011 
First Year - CHE, CIV, IND, LME, MEC, MMS 
MAT186H1F - CALCULUS I 


General Comments: 


Exam Type: A 


1. Some common misconceptions: 


1 Y 
Jasdr=2+0, sec | y =1/cos'y, fea=<+e 
y 


2. A lot of students seem to have totally forgotten what a linear approximation is. 


3. Question 5 is an easy area problem; many students turned it into an unrelated volume 
or surface area problem, resulting in some integrals that could not be solved. 


4. Most students could find the intervals on which the graph of Question 6 increases, 
decreases and is concave up, but very few could calculate the horizontal asymptote or 
find the removable discontinuities. Moreover, nearly one third of students seemed to 
think that sec”! y = 1/ cos~! y; the correct connection is sec! y = cos~1(1/y), if y Æ 0. 


5. Question 7 is a related rates problem, but first you have to calculate the volume of the 
liquid in the bowl, which requires you to use methods of Sections 6.2 or 6.3. 


6. Questions 1, 2, 3, 4, 5 and 8 were routine-that’s 76% of the exam-and should all have 
been aced. Nobody should have failed this exam. 


Breakdown of Results: 472 students wrote the exam. The marks ranged from 6% to 
100%, and the average was 57.2%. Some statistics on grade distributions are in the table on 
the left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 2.5% 

A 8.3% 80-89% 5.7% 
B 12.5% | 70-79% 12.5% 
C 26.1% | 60-69% 26.1% 
D 23.9% | 50-59% 23.9% 
F 29.2% | 40-49% 15.3% 
30-39% 9.1% 

20-29% 2.5% 

10-19% 1.9% 

0-9% 0.4% 


1. [20 marks] Find the following: 
(a) [5 marks] / =— + tang + 2 dx 
1+? z 


Solution: 


1 1 dx sin x dx 
tanz 4 dx = dz + 
1+ zr? x 1+ 2? COs £ x 


= tan™g-— ln |cosz|+1n |z| +C 


or tan™'g + [ln |secz|+ 1n |z| +C 


Whi me ia (: = z) 


£r— o0 £ 


Solution: the limit is in the 1% form. Let the limit be L. 


3 ln (1 — è 
lnL = lim zln (1- z) — lim ins) 
wL—-CO Xx L—0O pent 
by (3) 
—3 \y2 a 


Sp =e 


(c) [5 marks] the linear approximation of 79'/4, without using your calculator. 


Solution: let f(x) = gi/4.q — 81. Then f(a) = 3 and f'(a) a 781) = T 
So 
u ! 1 161 
794 = f(79) = J'(81)(79 - 81) + f(81) = -5 +3 = = 


(d) [5 marks] an approximation of the solution to the equation x? + 2 — 1 = 0, correct 
to 2 decimal places. (You will need your calculator.) 
Solution: use Newton’s method and pick xo = 0.5. Then 


f (Zn) eet+a,—-1 242 -a2,4+1 
Tn = Tn — = In — = ; 
i f'(@n) 372 +1 372 +1 


SO £o = 0.5 = zı = 0.7142857143 --- > z2 = 0.6831797236... 
=> x13 = 0.6823284233... The solution is x = 0.68, correct to two decimal places. 


2. [10 marks] Find the following: 


1 
(a) [5 marks] | xv 16 + 92? dz. 
0 


Solution: let u = 16 + 9x”. Then du = 18x dz and 


1 1 r3 
| evar = =/ vu du 
0 18 Jig 

25 


ET 
ee ee) 
BS lie 


1 
= — (125 — 64 
a7 | ore 


(b) [5 marks] F’(2) if F(a) = ie Vi? +9dt. 


Soluton: By the Fundamental Theorem of Calculus, and the chain rule, 
F'(x) = 2x y (x?) + 9. 


So 
F'(2) = 4 V25 = 20. 


3. [12 marks] Sketch the graph of y = 4r! — z“, labeling all critical points, inflection 
points, and vertical tangents, if any. You may assume 


4 4/3 8 4 


/ — 
andy = an gns 


om To) 3 


4(1— 
Solution: let y = f(x); f'(x) = ` = 


fe) >0S1lj=2>0,77062<0,0<2<1 


. Then 


and 
fizy<0S1l—2<062 > 1. 


So (1,3) is an absolute maximum point. There is a vertical tangent at x = 0 since 


lim f'(x)=œ and lim f'(x) = œ. 


x—0+t x—07 
4 (2+1) 
f” (x) = T9 z5 ` Then 
2 
P> 0 ir <0 -2<4<0 
and 


2 
Pa) <0 =" s0ea<—20re>0. 
7/3 


Consequently there are inflection points at (0,0) and (—2, —6 - 21⁄3). 


The graph of f is shown below: 


4. {10 marks] The velocity of a particle at time t is given by v = 3t? — 3. Find 


(a) [4 marks] the average velocity of the particle for 0 < t < 2. 


Solution: average velocity is 


1 1 1 1 
—— vdt= > f (3t? — 2) dt = =t — 3¢]§ = ~(8 — 6) = 1. 
2 Jo 2 2 


(b) [6 marks] the average speed of the particle for 0 < ¢ < 2. 


Solution: this is a little trickier since v changes sign at t = 1. See graph below. 


The average speed is 


] / 
7s M 2 il 2 
J / 1 | 1 | 1 l 
— dt = = —v) dt + = dt 
e fj zoj, P TAn ae 
J j 1 1 
ms / = -B=F a P = 3i 
] J 2 2 
$ ESENE ENNER = E E EEE 
a 02 04 06 ae =" 12 14 16 18 20 9 9 
Te aj = 14+2=3 


2 


5. [12 marks] Let A be the area of the region in the xy-plane bounded by x = 1, x = e°, y = 2 


and y = Ing. 


(a) [8 marks] Write down two integrals, one with respect to x and one with respect 
to y, that both give the value of A. 


Solution: the region A is indicated in the graph below. 


2.0 
1.8 
With respect to x: j 
e 14 
A= | (2 — ln z) dz. 

1 1.2 
With respect to y: y 1.0 
2 0.8 
A= f (e'-1) ay 06 
i ; 
. 04 

since y = lng & z = e. 
0.2 
0.0 


(b) [4 marks] Find the value of A. 


Solution: integrate with respect to y, since at this stage of the game, we don’t 
know how to integrate ln x with respect to x. 


2 
a= | (e¥ — 1) dy = [e¥ — y =e? -2 -1+0 =- 3. 
0 


6. [12 marks] Sketch the graph of y = sec” * ( 


r? +1 
x? — 


, labeling all critical points, inflection 


points, vertical tangents, asymptotes and discontinuities, if any. You may assume 


Solution: this question looks worse than it is. 


symmetric with respect to the y-axis, so you only have to analyze the curve for x > 0. 
Note that the graph is always concave up, is decreasing for x > 0,2 # 1, and that the 


and 


4 |x] 


= (z2 +1)? 


For one thing, the graph of y is 


only critical point is (0,7). There are no inflection points. The rest of the details: 


There are removable discontinuities at (+1, 7/2) since 


but both 


and 


x = 0 is not a vertical tangent, since 


lim f'(x) = —2. 


x—0+t 


y = 0 is a horizontal asymptote since 


2 


, E T 
= lim sec weg 


uUu—> oo 


; se T 
= lim sec We 


u—— CO 


1 
- ci is not defined at z = +1 
x 1 


7. [12 marks] If water enters a hemispherical bowl of radius 100 cm at a rate of 10 cm?/sec, 
how fast will the water level be rising when the depth of the water in the bowl is 50 cm? 


Solution: need to calculate the volume of the bowl from its bottom to a depth of h. 


The diagram to the left shows a side view of the 
bowl; the equation of the bowl’s profile is 


(x,y) x? + (y — 100)? = 100? 


Thus z? = 200y — y?. 


Use the method of discs, integrating with respect to y, to obtain the volume of the 
bowl from its bottom to a depth of h. 


h h 
V= | rz? dy = m(200y — y”) dy. 
0 0 


By the chain rule, and the Fundamental Theorem of Calculus, 


dV dVdh ə dh 
Substitute T 
— = 10, h = 50 
dt 0; 
and solve for an 
dt 
dh 1 10 1 


dt m200-50—502 7507 
Thus when the depth of the water in the bowl is 50 cm, the water level is rising at a 
rate of 1/(7507) cm per sec. 


8. [12 marks] Let f(z) = 2/?. 


(a) [6 marks] Find the length of the curve y = f(x) forO<a< 1. 


Solution: 


| 
~~ 
> 
— 
+ 
S 
w 
sls 
R 
ed 
N 
EG 


p= l Are 


1 13 
(let u = 4+ 9r) = z yudu 
4 
13 
Z TE 
is [3° |, 
1 
= 6a 8) 


(b) [6 marks] Find the volume of the solid of revolution obtained by revolving the 
region in the xy-plane bounded by the curves y = f(x),y = 0,x = 0 and z = 1 
about the line y = —1. 


Solution: integrate with respect to x and use the method of washers (discs): 


10 P 1 
ve] p pa f a t(fla) 41)? 1a 
0.64 0 
oa] at 1 
ad = f T (2? + 22”) dz 
a! A m ' 4 G ' iP AP i i i i ‘3 1.0 i 1 
wF . xi i 43/2 
o = la E h 
a 21 
s] = 
-1.0 20 


Alternatively: integrate with respect to y and use the method of shells. 


21 


1 1 
v= any + (d= ¥2!) dy = 27 | (y— 9°? 41-979) dy = 0 
0 0 


University of Toronto 
FACULTY OF APPLIED SCIENCE AND ENGINEERING 


Solutions to FINAL EXAMINATION, DECEMBER, 2012 
Duration: 2 and 1/2 hours 
First Year - CHE, CIV, IND, LME, MEC, MMS 


MAT186H1F - CALCULUS I 
Exam Type: A 


General Comments: 


1. On each question, the results ranged from zero to perfect. 


2. Only Question 8 did not have a passing average. 


3. 86% of this exam was completely routine. Only questions 2(a) and 8 can be considered 


challenging: the former because it requires some thought to explain clearly why the 
limit doesn’t exist; the latter because a straightforward approach is very messy, as- 
suming you have been able to set the problem up at all. The straightforward approach 


is: 
r=R(1-3), peas Pi age EN =o) 
T 


2T 


whence 


3 2 3 = 2 An? 
R 0 JarO); vier (27r — 6)(30° — 1270 + 47°) 
dd 2472 0(4n — 0) 


Then dV/d0 = 0 > 36? — 1270 + 47? = 0 > 0 = 2n(1 — V2/V3), for 0 < 6 < 2r. So 
r = V2R/V/3 and h = R/V/3. Easier ways to do this problem are presented inside! 


Breakdown of Results: 514 students wrote the exam. The marks ranged from 0% to 99%, 
and the average was 68.3%. Some statistics on grade distributions are in the table on the 
left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 8.4% 

A 25.7% | 80-89% 17.3% 
B 23.3% | 70-79% 23.3% 
C 23.9% | 60-69% 23.9% 
D 14.4% | 50-59% 14.4% 
F 12.7% | 40-49% 9.1% 
30-39% 1.6% 

20-29% 1.0% 

10-19% 0.8% 

0-9% 0.2% 


1. [avg: 8.0/10] Find the following: 


Gemak] / (= M 4 = | ie 


x 


Solution: 


1 4/3 
f (e+e) d= | eda fo dx | [Fre | sr t In |x| +C 


a /2 
(b) [5 marks] | (1 + sin’ x) cos x dz. 
0 


Solution: let u = sin z. Then du = cos z dz and 


471 


a /2 1 i 
| (14 sin?) cosrdr = f (1+ u®) du = fer | ee 


0 


2. [avg: 5.8/10] Find the following limits, if they exist: 
(a) [2 marks] lim e” sin x 
Solution: this limit does not exist. Let f(x) = e” sin zx. 


If x = 7/2+ 2nz, then f(x) = e”, and n —> œ > qt —> œ and f(x) > +; 
if x = 30/2 + 2nz, then f(x) = —e*, and n > œ > 2 —> œ and f(x) > —oo. 


(b) [3 marks] lim e* sina 


Solution: this limit is zero, by the Squeezing Theorem: 


—1 < singz < 1 > —e” < e” sing < e” 


and both 
lim e” =0, lim —e” = 0; 
H rama a > P) T= 00 
sO 
lim e’sinz = 0 
XL — OO 
as well. 


(c) [5 marks] lim (: + e) 


wL—-O0O 


Solution: the limit is in the 1% form. Let the limit be L. 


4 In(l+4 
Int = lim zlin (+$) = lim aa) 
L000 Xx rL—-0O = 
mAn 
£ x2 4 
(LH) = lim == = = lim —, =4 


>[ =e 


3. [avg: 8.4/10] Find the following: 
3 


(a) [4 marks] F’(1) if F(x) = / : (t? + 8)°/? dt. 


Soluton: By the Fundamental Theorem of Calculus, and the chain rule, 
F'(x) = 3x? (y+ Ta 


So 
E E a 


(b) [6 marks] an approximation of the solution to the equation e” + x? = 0, correct 
to 2 decimal places. 


Solution: let f(x) = e” + x? and use Newton’s method. Observe that 
f(0)=1>0 and f(—1) =e —1 <0. 
So the solution is in the interval [—1, 0]. We have 


fle) e™ +73 


Hts eS an =i, a 


Then tp = 0 > zı = —1 > zə = —0.8123090301 ... 
=> £3 = —0.7742765490--- > x4 = —0.7728847562 --- > £5 = —0.7728829591... 


The solution is x = —0.77, correct to two decimal places. 


4. [avg: 8.9/10] The velocity of a particle at time t is given by v = t? — 1. Find 


(a) [4 marks] the average velocity of the particle for 0 < t < 2. 


Solution: average velocity is 


1 2 1 r ; 
— 22 — 1)dt = 
7—0 vdt J) (t \d 
(b) [6 marks] the average speed of the particle for 0 < t < 2. 


Solution: this is a little trickier since v changes sign at t = 1. See graph below. 


The average speed is 


wa / 1 á 1 
| =l wid 

s 2-0 Jp 2 
1 


|l 

| 
oy 
fa 

T 

e 

Sel 

a 

~ 

+ 
No] = 
T 
© 

S 

a 

~ 


f 
m 2 
EERU hk thebeats be 
HO 02 04 06 10 t2 14 16 18 20 7 
-0.8 4 t 


5. [avg: 8.3/12] Sketch the graph of y = 6x!/3 + 3z“. Label all critical points, inflection 
points, and vertical tangents. You may assume 
4 4 


2 
= 1/3 "n 
y = — +4r”? andy 37573 + 3775 


ate 


Solution: let y = f(x). Then 


fas Gre. f (2) =0Se= -5 f'(0) is undefined; 


1 1 
f(a) > 0S 1+2 > 0> r> -3,2 40; f(a) <0 1+2r<0S z< -3 


: DG) 


4(x—1 
is an absolute minimum point. Since f”(x) = E =) 
3 9/3 
— 1 
Pae) <0 Zp >0e0<2<1 


and i 
f'(z) >08 — <08r<00orr>1. 
x5/3 
Consequently there are inflection points at (0,0) and (1,9). There is a vertical 
tangent at x = 0 since 


lim f'(x) = d lim f'(x) = œ. 
jim, f(z) = 00 and lim f'(x) = 00 


The graph of f is shown below: 


6. [avg; 6.9/12] Let A be the area of the region in the ry-plane bounded by 


x = 0,x = 1,y = 7/4 and y = tan z. 


(a) [8 marks] Write down two integrals, one with respect to x and one with respect 
to y, that both give the value of A. 


Solution: the region A is indicated in the graph below. 


With respect to zx: 


A= [ (Z - tan™' a) dz. 


With respect to y: 


T/4 
j= f tada 
0 


since y = tan-'z > x = tan y. 
0.25 0.5 0.75 1.0 


(b) [4 marks] Find the value of A. 


Solution: integrate with respect to y, since at this stage of the game, we don’t 
know how to integrate tan~' x with respect to x. 


7/4 T/4 os 
A= | (tan y) dy = f da dy 
0 o cosy 


Now let u = cosy; then du = — sin y dy and 


1/v2 lod In2 
A= | “=| A = [nyi jg = nl — In(1/V2) = n v2 = Z, 
1 1/v2 U 2 


Alternate Calculation: for those interested, or for those who somehow already 
know integration by parts, it can be shown that 


1 
foo xdr = xtan z — 5 In(1 + 2”) +C, 


so 
1 
1 
j (Z — tan“! z) dz = E — stan g + 5 nl +27)| =. 


7. [avg; 9.6/12] Sketch the graph of y = y Label all critical points, inflection points 


zr? — 
and asymptotes. You may assume 
Je z? (x? — 3) ad= 2x(x? + 3) . 
(x — 1)°(@ + 1) (x — 1)°(@ + 1)’ 


Solution: let y = f(x). By long division, f(x) = x — =a so the line with equation 


Fy 
y = z is a slant asymptote to the graph of y = f(x). There are vertical asymptotes at 


x = +1 since 
im f(z) = OO, jim, f(z) = 
lim_ f(x) = -00, lim, f(x) = o0. 


All these asymptotes are indicated in 
red on the graph to the left. The graph 
of y = f(z) is indicated in green. The 
details for the green graph are given 
below. 


Critical Points: f'(x) =0 = z = 0,2 = +V3. Since 
f'(a) > 0 Sr? -3 >04 r< -V3 orr > V3 
and, for x Æ +1, 
f'(a) <0 s r? -3 <04 -v3 <r < -—1,—1< g< 1, or 1<g< V3, 


the graph of y = f(x) is increasing on (—00, —V3) U (V3, 00) and 


decreasing on (—/3, —1)U(—1, 1)U(1, V3). So f has a relative max at (— v3, —3\/3/2) 
and a relative min at (V/3,3V/3/2). 


Inflection Points: 
fle) >0e-l<2e2<lorge>l f'(¢) <062<-lor0<2<1, 


so the graph of f has an inflection point at (0,0). 


8. [avg: 4.5/12] A paper cup in the shape of a cone is made from Pe ee 


a circular sheet of paper of radius R by cutting out a sector ae Se 
subtended by an angle 0 and then gluing the cut edges of the Ys. 
remaining piece of paper together. What is the maximum eee 
volume attainable for the cone? You may assume the volume Sig, ie 
of a cone with a base of radius r and perpendicular height h T R b xN 
is 1 ee 

V= grr h 


Solution: let the resulting conical cup have height h and radius r at the top. A side 
view of the cup is below. The circumference around the top of the cup is C = R(27 —0). 


In terms of r the circumference of the cup at the top is 
C = 27r. Hence 


h R r=R(1-2), 
20 


for 0 < 0 < 2r. Now R? = k? +r? > h= VR- r?. 
But it is not necessary to put everything in terms of 0; 


r 


indeed that would be the longest and messiest way to do this problem! The easiest way 
is to realize that what the problem boils down to is, Maximize the value of V = mr7h/3 
given that r? + h? = R? is constant. Using r? = R? — h?, we have 
Wc 4d ee 3 dV T, 5 dV 
=— — = — — — =.= — 3h — = —2rh l 
V z(R h*)h zR h MIS z(R 3 ) > a th <0 
Hence the critical point is at 3h? = R?, and the volume of the cup will be maximized 
if 
R 2 2r R? 
h = —, r= VITT = yf? Rand v = ZE. 
V3 3 9/3 


Alternate Calculation: substitute for h but square V to avoid square roots. 


2 2 2 2 2,3 
2 T agg T ae T n6 p24 dV? 2n*r 
pag EaR le Rr) > 47 = a 


As before the critical point is at 3r? = 2R?. 


Alternate Solution: put everything in terms of 0 but use the chain rule and the facts 
that 


(3r? — 2R°). 


AA dV dVdh dh 
Tip2 2 e 72 2 
Da a ae 
As before, h = R/V3,r = V2R/V/3. Aside: the ciritical angle is 0 = 2r (V3 — V2)/V3, 


but the angle is not asked for. (See General Comments, if you are interested.) 


9. [avg: 7.8/12] Let f(x) = 


g2/3, 


(a) [6 marks] Find the length of the curve y = f(x) for 1 <a < 8. 


8 2 2 
f 1+ (=) dx 
i 


Solution: 


-j VEO. 


(let u = 9z? + 4; du = 6x7! dx) 


9z2/3 +4 


9x273 


a 


ish, 


1 |2 
18 |3 


3x13 


vudu 


el" 
13 


Z (4040 — 13/13) 


(b) [6 marks] Find the volume of the solid of revolution obtained by revolving the 
region in the xy-plane bounded by the curves y = f(x), y = 1,xz = 1 and z = 8 


about the x-axis. 


Solution: integrate with respect to x and use the method of washers (discs): 


4.05 


3.6 


0.0 


TU R PL LELI 
00 08 16 24 32 40 48 56 64 72 80 


CIT 


V 


/ r (FE)? — 12) dx 


Alternatively: integrate with respect to y and use the method of shells. 


4 4 
V= / 2ry(8 — x) dy = an | (8y — y?) dy = 27 o — 
1 1 


247/2] 332 
N 


University of Toronto 
FACULTY OF APPLIED SCIENCE AND ENGINEERING 


Solutions to FINAL EXAMINATION, DECEMBER, 2013 
Duration: 2 and 1/2 hours 
First Year - CHE, CIV, IND, LME, MEC, MMS 


MAT186H1F - CALCULUS I 
Exam Type: A 


General Comments: 


1. In Question 1(c) many students thought f sin(xt) dt = —r cos(at)+C or —cos(rt)+C. 


2. In Question 2(b) your calculator should be in radian mode. If your calculator is in 


degree mode otherwise correct calculations will give you x = 0.999847741... which is 
not the correct solution to cosx = z. 


. The graph in Question 6 is nota circle, although this was a very popular misconception. 
Question 6 can be greatly simplified using symmetry. Computationally it is easier to 
calculate the derivatives implicitly, although explicit calculations are possible if you 
keep in mind which quadrant x and y are in. 


. Not surprisingly the optimization problem, Question 7, caused the most difficulty, as 
many students could not set it up correctly. 


. It was astonishing how many students threw marks away because of bad notation or 
by not using equal signs. Many students would profit greatly if they cleaned up their 
presentation! 


Breakdown of Results: 434 students wrote the exam. The marks ranged from 20% to 
100%, and the average was 65.5%. Some statistics on grade distributions are in the table on 
the left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 4.9% 
A 19.4% | 80-89% 14.5% 
B 21.4% | 70-79% 21.4% 
C 26.38% | 60-69% 26.3% 
D 19.6% | 50-59% 19.6% 
F 13.3% | 40-49% 8.5% 
30-39% 3.2% 
20-29% 1.6% 
10-19% 0.0% 

0-9% 0.0% cl | i 


1. [15 marks] Find the following: 


One| f G = - i ) ae 


Solution: i 
JS Sa H = | sinh) de = 


fe d+ | d+ f= da | sine de =e" +tan™t z +1n |z| + cosh x +C 


T/4 
(b) [5 marks] f tan? x sec? a dz. 
0 


Solution: let u = tan z. Then du = sec? x dx and 


T/4 1 u’ 1 1 
| tan? x sec? x dx = f u? du = B = 
0 0 3]) 3 


Alternate Solution: more complicated is: u = tan? x > du = 2 tan x sec? x dz, 


whence i r 
T/4 1 1 172 3/2 1 
f tan? x seconds = 5 | vudu = | £ | =Z 

0 2 0 2 0 


3 3 


(c) [5 marks] the average speed of a particle over the time period t = 0 to t = 3 if the 
velocity of the particle at time t is given by v = sin(zt). 


Solution: the graph of v is shown below, it includes 1.5 cycles of the graph. 
Observe that v > 0 for 0 < t < 1,2 < t < 3 and that v < 0 for 1 < t < 2. In 


particular, 
1 2 3 
| vdt= | -vat= | v dt. 
0 1 2 
1.0- . . 
J ri 4 Thus the average speed is given by 


i af Wais 5b [ sin(at) dt) 


ae ae 1. m us Ki) i neg i Í = [ sin(zt) i |- cos(1 ul i 
0 0 


TE 


2. [10 marks] Find the following: 
a4 
(a) [4 marks] F”(1) if F(x) = f Vt? + 4¢ + 11 dt. 
0 


Soluton: By the Fundamental Theorem of Calculus, and the chain rule, 


F'(x) = 4a \/(a4)? + 404 + 11 = 403 Vr + 4x1 4-11. 


So 


F'(1) =4V1+4+11 =4v16= 16. 


(b) [6 marks] an approximation of the solution to the equation cos x = x, correct to 
3 decimal places. Note: x is in radians! 


Solution: let f(x) = x — cosx and use Newton’s method to approximate the 
solution to the equation f(x) = 0. Observe that 


f(0) = —1 < 0 and f(7/2) = 5 s: 


So the solution is in the interval [0, 7/2]. We have 


Í En) Ln —COSLn Ln SİN Ln + COS En 


Tn = Ln — = Un 7T 5 — : 
i f'(@n) 1 + sin £n 1 + sin £n 


Then 
zo = 1 => zı = 0.7503638679--- => zə = 0.7391128909... 


=> T3 = 0.7390851334--- > x4 = 0.7390851332... 


The solution is æ = 0.739, correct to three decimal places. 


2r? —xz—4 
3. [13 marks] Let f(x) = aa for which f'(x) = (x — 2)? 


eS WE) pies 7 4 


(a) [2 marks] Find the interval(s) on which f is increasing. 
Solution: f'(x) >0s («#-1)(a-3) >Oandt A2Gu<lorzrz>3. 
(b) [2 marks] Find the interval(s) on which f is decreasing. 
Solution: f'(x) <0 & (@-1)(a@—-3) <Oandrt4281<24<2o0r2<2<3. 
(c) [1 mark] Find the interval(s) on which f is concave up. 
Solution: f"(z) > 04 (x - 2)? >0eSa2r>2. 
(d) [L mark] Find the interval(s) on which f is concave down. 
Solution: f"(z) <0 (4-2)? <0S 27 <2. 
(e) [2 marks] Find the equations of all asymptotes to the graph of f. 


Solution: long division gives 


227-27 —A 2 
yt 2 
r—2 Ai xr—2’ 
so y = 2x + 3 is a slant (or oblique) asymptote; and x = 2 is a vertical tangent 
because 
_ 2x?—xr—4 _ @?—2-4 
lim —————— = —oo, lim ———— =. 
r32- x—2 ro2t x-2 


(f) [5 marks] Sketch the 

graph of f labeling 
all critical points, 
inflection points and 
asymptotes, if any. 
The graph is to the 
right. 
There is a min at 
(3, 11) and a max at 
(1,3). There are no 
inflection points. 


4. 


[12 marks] Let A be the area of the region in the xy-plane bounded by the curves 


y = cos 'z and y = —cos-'z on the interval —1 < x < 1. Note: cos-'xz = arccos zx. 


(a) [8 marks] Write down two integrals, one with respect to x and one with respect 
to y, that both give the value of A. 


Solution: the region A is indicated in the graph below. 


With respect to x: 


1 
A= | (2cos~* x) dz. 


1 


With respect to y: 
A= f (cosy + 1) dy, 


since y = cos | £ > x = cosy and 
y =—cos 'x > x = cos(—y) = cosy. 


(b) [4 marks] Find the value of A. 


Solution: integrate with respect to y, since at this stage of the game, we don’t 
know how to integrate cos! x with respect to x. 


A= | (cosy + 1) dy = [siny + y}, = 0 +r — 0 -— (-7) = 2r. 


Alternate Calculation: for those interested, or for those who somehow already 
know integration by parts, it can be shown that 


fos zde = seost z- vT =+ C, 
so 


1 1 
f 2cos™! gdz = 2 [ecos s- v1- 2? = 2(0 — 0 — (=r) + 0) = 2r. 


1 —1 


5. [15 marks] Find the following limits, if they exist: 


sin’ (32) 
4 ks] lim ————— 
(a) [4 marks] lim -z 


Solution: this limit is in the 0/0 form. Use L’Hopital’s Rule: 


sint (3z) _ a 3/V1- 9r? 3 


PA. e”—1 x—0 e? 1 


: 3 5 
(b) [5 marks] „im T k 1+ : + P 1) 


Solution: this limit is in the oo - 0 form. Rewrite it as 0/0 and use L’Hopital’s 


Rule: 
3 5 yirt 
lim z 1+-+5;-1]= lim 
T £ 


= 3. 


$= +00 L— +00 1/x 


1 (— 3 10) 


n ee Jiii 3 


pare 1/2? PS ies ete 


Alternate Solution without L’Hopital’s Rule: rationalize the numerator. 


3 ols b= 1) 3+8 
lim = lim 


5 
lim e{ Las yg | = 
a—-foo r x£ z—+o0 IER +541 Pi Oe hl, S 34541 


(c) [6 marks] lim (2 = pyre?) 


wl 
Solution: this limit is in the 1° form, so let the limit be L and calculate In L. 


L= lim (2 = qj e2) 


Be 
>InL = lim In(2—2)*"*/) = lim tan(a2/2)In(2 — 2) 
rl a—1— 
— In(2 — 
= lim sae eee) = lim sin(a2/2) lim eee) 
e—1- cos(7x/2) e—1- z—1- cos(ra/2) 
—1/(2 — x) 2 
PH) = 1.1 = 
(EH ae sin(7xz/2)-m7/2 m 
>L = e” 


6. [10 marks] Sketch the graph of the relation 
72/3 te y? = 1, 


for —1 < x < 1,—1 < y < 1, indicating all critical points, inflection points, horizontal 
tangents and vertical tangents, if any. 
Solution: differentiate implicitly. 
2 2 dy dy y\ 1/3 
8321/8 ü 3y! dx ~ de (*) 


x 
The critical points are 


d d 
(x,y) = (41,0), at which T = 0, and (x,y) = (0, +1), at which T is undefined. 


Now d 
Lata 
dx £ 
so the graph of the relation is increasing in the 2nd and 4th quadrants, and decreas- 
ing in the first and third quadrants. For the second derivative: 


d 
spad -aps si 
dz x 


1/3 
dy 3 oy r dy 2 dy 7 gay = (4) oy y! (x? + y?) 7 y! 
dx dx} dx? x x? r? r2’ 
since z? + y? = 1. Thus 
dy dy 
ga Oy > Vand 7 <0 <0, 


which means the graph of the relation is concave up if y > 0 and concave down if 
y <0. The graph of the relation is shown below: 


The x-axis is a horizontal tangent to the 
graph since at both (+1, 0) 


dy 


= 0. 
dx 


The y-axis is a vertical tangent to the 
graph since 


lim 


x—0 


Alternate Solution: observe that the graph is symmetric with respect to both the z- 
axis and the y-axis, and then simply do the analysis for the graph in the first quadrant, 
for 0< x< 1,0 < y < 1, for which 


dy vi- dy 1 


dx gs? dæ?  3g4/3,/1 — 72/3 


f= (1 = gn, 


T. 


[10 marks] The lower edge of a painting, 3 m in height, is 1 m above an observer’s 
eye level. Assuming that the best view is obtained when the angle subtended at the 
observer’s eye by the painting is maximum, how far from the wall should the observer 
stand? 


Solution: let the distance from the observer to the wall be x, let the angle from 
eye level to the bottom of the frame be a, let the angle from eye level to the top of 
the frame be £, let the angle subtended at the observer’s eye by the painting be 8. 


Then 0 = 8 — a and 
1 4 
3 tana = —, tan@G=-. 
£ z 
So 


4 1 
8 = tan”! (2) — tan”! (= . 
x x 
1 / 
Q 


eye of the beholder 


The problem is to maximize @ for x > 0. Find the critical point(s): 


dð 1 4 1 1\ 4 4 1 

dx 14+(4/x)?\ 2? 1+(1/2)?\ 2?) a? +160 2? +1 
dð j= 4 = 
de xr? +16 z2?+1 
since we are assuming x > 0. Confirm a maximum value occurs at x = 2: 


do 8x 2x 


dr? (x2+16)} (x2 +1)? 


= 0 > 4z? +4 = r? + 16 > 3r? = 12 > r? = 4> r =2 


and 


Conclusion: the observer should stand 2 m from the wall. 
Alternate Solution: use the cosine law. 
4+? 
V16 + 17x2 + «4 


9 = 16 + z? +1427 —2V16 + 22V1 + x2 cos 6 > cos = 


After much calculation: 


dé Qax(x? — 4) do 
n e = = 
SRY da (16 + 172? + x4)3/2 ne dx aa 


as before. 


8. [15 marks] The parts of this question are unrelated. 


2 


1 
(a) [7 marks] Find the length of the curve y = (5 — 16 ln r) for l<2< 4. 


Solution: 


L 


i 4 1 16 \ 
l VIFF- | p+ (2-+)) dx 
1 1 8 £ 
7 fy _ wt — 320? + 256 | - [eee y 
~ a 64 x? a i 64 x? 

47? +16 Pe 2 

= dx = ee) 

/ 8x j f +3) j 


r? 4 16 1 
“aaj si Aida OT 
E+ na| Tha & 


15 15 
TU or Toka 


(b) [8 marks] The region bounded by x = 1 — y* and x = 0 is rotated about the line 
x = 2. Find the volume of the resulting solid. 


Solution: integrate with respect to x, use the method of shells and y* = 1 — z: 


1 
V = f Qn(2— x) 2 (1 — x)"* dz 
0 
1.04 1 
ee = sr | (2 — x)(1 — x)"* dx 
0.64 * 0 
04 0 
0 (letu=1l—z) = ar | (u + 1)ul/4 (—du) 
Ole Ue ee we ae ee oe d a 
M = sr | (u5 + u™*) du 
Fi 0 
po d 4 A 
3 cise = 4r Bá F in A 
_ 2247 
AB 


Alternatively: integrate with respect to y and use the method of washers: 
1 1 1 
V = f m (2? — (2 — x)°) dy = a f (4r— x°) dy = a f (4—4y—1+2y*—y*) dy 
= -i -i 


5 9 


1 2y Y 2247 
= 3 — 2yt — 78) dy = m (3y —- &— -2 E cat 
f ( y“ — y”) dy r 3y P iE 


University of Toronto 
FACULTY OF APPLIED SCIENCE AND ENGINEERING 


Solutions to FINAL EXAMINATION, APRIL, 2014 
Duration: 2 and 1/2 hours 
First Year - CHE, CIV, IND, LME, MEC, MMS 


MAT186H1S - CALCULUS I 
Exam Type: A 


General Comments: 


1. This exam was almost identical in types of problems to the exam of December 2013. 
Anybody who studied that exam should have done well on this exam. 


2. As with the exam of December 2013, the hardest questions were Questions 6 and 7. 
Not surprisingly, most people did very poorly on these two questions. 


3. In 8(a) most students could set up the integral, but could not simplify it correctly. In 
8(b) most students could not set up the integral correctly. 


4. In Question 3(b) many students found the correct asymptotes but then did not draw 
graphs which were actually asymptotic to the asymptotes! 


5. Question 5(a) caused problems because many students could not differentiate sec! /x 
correctly. Use the chain rule! 


Breakdown of Results: 21 students wrote the exam. The marks ranged from 41% to 77%, 
and the average was 61.2%. Some statistics on grade distributions are in the table on the 
left, and a histogram of the marks (by decade) is on the right. Nobody failed the course. 


Grade % Decade % 
90-100% 0.0% 
0.0% 80-89% 0.0% 
19.1% | 70-79% 19.1% 
33.3% | 60-69% 33.3% 
38.1% | 50-59% 38.1% 
9.5% 40-49% 9.5% 
30-39% 0.0% 
20-29% 0.0% 
10-19% 0.0% 

0-9% 0.0% 


H I a we 


1. [15 marks] Find the following: 


1 1 
(a) [5 marks] i (= tg T% + TE + cosh r) dx 


Solution: 


- 1 1 
e t ag dx 


1 1 
= ferac+ | t f dx + f coshzdy 
14 2? L+2 


= —e™" + tan™! g + ln |æ + 2| + sinh z + C 


T/2 
(b) [4 marks] f sin? x cos x dz. 
0 


Solution: let u = sin xz. Then du = cos z dz and 


1 


nm /2 1 4 1 
1 sin? xz cos x dz = I u? du = =| E 
0 0 4|, 4 


(c) [6 marks] the average speed of a particle over the time period t = 0 to t = 3 if the 
velocity of the particle at time t is given by v = cos(at). 


Solution: the graph of v is shown below, it includes 1.5 cycles of the graph. 


Observe that v > 0 for 0 < t < 1/2,3/2 < t < 5/2 and that v < 0 for 1/2 < t < 
3/2,5/2 < t < 3. In particular, 


3 1/2 
f lat =o | vdt. 
0 0 


Thus the average speed is given by 


1 3 6 1/2 
J [vl dt = s cos(mt) dt 
a. a 


E u 5 [=] ue 
T 


0 


Lonte pon a 


> 


2. [10 marks] Find the following: 


x2 
(a) [4 marks] F'(1) if F(x) = f tan! tdt. 
0 
Soluton: By the Fundamental Theorem of Calculus, and the chain rule, 


F'(x) = 2x tan! z’. 


So 
F'(1)=2tan!1=2 (=) = 


(b) [6 marks] an approximation of the solution to the equation z? + x = 1, correct to 
4 decimal places. 


Solution: let f(x) = z? +x -— 1 and use Newton’s method to approximate the 
solution to the equation f(x) = 0. Observe that 


f(0) =-1 <0 and f(1)=1>0. 
So the solution is in the interval [0, 1]. We have 


f(n) r +ín—1 2g8+1 
n41 = Ln — = bn 7 = . 
a) 3x2 +1 3x2 +1 


Then 
zo = 0.5 > x1 = 0.7142857143--- > zə = 0.6831797236... 


=> T3 = 0.6823284233 --- > x4 = 0.6823278037... 


The solution is x = 0.6823, correct to three decimal places. 


3. [13 marks] Let f(z) = 2 for which f'(x) = ——, f" (x) = 


2 6) 18 


(x — 3)?" 


aa 


(x — 3)?" 


(a) [4 marks] Find the interval(s) on which f is increasing and the interval(s) on which 
f is decreasing. 


Solution: For increasing: f'(x) > 0 = zr(x—6) >Oandt A3Gux<0orzr>6. 
For decreasing: f'(x) <0 & r(x —6) <O andr 43 S0<24<380r3<24<6. 


(b) [2 mark] Find the interval(s) on which f is concave up and the interval(s) on 
which f is concave down. 


Solution: For concave up: f’(r7) >0 4 (x -— 3 >0S2x>3. 
For concave down: f’(r) <0 4 (x— 3)? <0S2<38. 


(c) [3 marks] Find the equations of all asymptotes to the graph of f. 


Solution: long division gives 


2 


: EPEE eae 
z—-3 r—3) 


so y = x +3 is a slant (or oblique) asymptote; and x = 3 is a vertical tangent 
because 
2 2 
. z 
= —œ, lim 
r33- £ — r—=3+t r — 3 


=o. 


(d) [4 marks] Sketch the graph of 
f labeling all critical points, 
inflection points and asymp- 
totes, if any. 


Solution: 

The graph is to the right. 
There is a min at (6,12) and 
a max at (0,0). There are no 
inflection points. 


rao ft i tel: sla 
4 6 8 10 12 
x 


4. [12 marks] Let A be the area of the region in the xy-plane bounded by the curves y = 2 
and y = 2lnz on the interval 1 < x < e. 


(a) [8 marks] Write down two integrals, one with respect to x and one with respect 
to y, that both give the value of A. 


Solution: the region A is indicated in the graph below. 


With respect to x: 
A= | (2 — 2ln x) dz. 2.0 
1 


With respect to y: F 


2 
A= f (e”/2 — 1) dy, 05 
0 


since y = 2ln z > q = et. -1 


(b) [4 marks] Find the value of A. 


Solution: integrate with respect to y, since at this stage of the game, we don’t 
know how to integrate ln x with respect to x. 


2 
a= f (e”’? — 1) dy = [2e"/? — y] = 2e -2-2 +0 = 2e — 4. 
0 
Alternate Calculation: for those interested, or for those who somehow already 
know integration by parts, it can be shown that 
fhear =glnzr- r+, 


sO 
J @-2m2)de =2[e—2ine + a}; =2(e-2) = 26-4 
1 


5. [15 marks] Find the following limits, if they exist: 


-1 
(a) [5 marks] lim Lan 


alt Ing 
Solution: this limit is in the 0/0 form. Use L’Hopital’s Rule: 


sec”! /x | TRE EH 1220/2) 


lim _———— = lim = lim 


1 
eat Ing e+ Le ait Q/e—1 


+00. 


(b) [5 marks) lim G- 1 ) 


z-0t (£ sine 


Solution: this limit is in the oo — oo form. Rewrite it as 0/0 and use L’Hopital’s 


Rule: 
; 1 1 >. sinxz—-—2 
lim { - — — = lim —W—— 
z—=0t \£ sing z0t “sing 
cosx — 1 . — sing 0 
= = | =- =Q. 


im ~= im - = 
x 0t SIN £ + LCOS ZX «0+ COS £ + Cos £ — XSINL 2 


(c) [5 marks] lim (1 + sinx)?/* 


x—0 
Solution: this limit is in the 1% form, so let the limit be L and calculate ln L. 


L= lim (1 + sin z)” 


x—0t 
2ln(1 +si 
>lnL= lim In(1+sinz)?/* = lim eS) = 2 lim ee = 
a—0t a—0t x a0+ 1+ sin x 


> L= 


6. [10 marks] Sketch the graph of the relation z? + y? = 3zy indicating all critical points, 
inflection points, horizontal tangents and vertical tangents, if any. BONUS. This graph 
has a slant asymptote: +2 if you can draw it in reasonably accurately; +3 more if you 
can find its equation. DON’T waste time if you haven’t finished the other questions! 


Solution: this graph is symmetric in the line y = x and there are no points in the 
third quadrant, since x < 0,y < 0 => 2? + y? < 0 but 3zy > 0. To find the derivatives, 
differentiate implicitly. 


dy dy dy y-r’ 
3r? + 3y = 3y +3 sn 
Ag Y Oe a "de dx y2— r’ 
d'y _ (y — 2x)(y?—2)— (y - x°) (2yy' -1) _ ary 
dx? (y? — x)? Gy) 


after substituting for y’, simplifying and using the fact that x? + y? = 3zy. 
Horizontal Tangents: 
d 
z = 0 => y = x? and z? +y? = 3ry > tê = 2r? > q = 0, x = 2". 
xv 


so the graph has horizontal tangents at the two points (0,0) and (21/3, 22/9), 


Vertical Tangents: in this case the derivative must be undefined. Hence 


xz = y? and z? +y? = 32y > y? = 2y? > y = 0,y = 2": 


so the graph has vertical tangents at the two points (0,0) and (27/3, 21⁄3). 


Concavity: there are two inflection points. 


a \ 
i =0 & (x,y) = (0,0); Ye 
2 sees oe 


73 is undefined if and only if 
z 


rey a= (a 


The graph is concave up everywhere except 
on the top part of the loop between (0,0) 
and (2?/3,21/3), where it is concave down. 


The diagram to the right shows the graph in red, the asymptote and line y = x in green, 
and the parabolas y = z?,x = y? in blue. The Slant Asymptote: its equation is 
x+y+1 = 0, but its hard to find. If y — m, so that the slant asymptote is y = ma+b, 
then 

maz +b — x? 1 


dy 
= lim — = lim =— > m? = -1 > —1. 
Hh ao dz rae mex? + 2mnbx + b2 = m2 ue ue 


So the slant asymptote must have equation «+ y = b. Rewrite the original equation as 
r? +y? = 3ry S 2° +32°y+3ary?+y* = 3ry+3r°y +314? © (x+y)? = 3ry(1 +2 +y), 
which in the limit as 2 — +0, y > Fo, becomes b? = (—oo)(1+ b); only if b = —1. 


7. [10 marks] The frame of a pyramid, with square base and apex 
above the centre of the base, is to be constructed out of a 
piece of wire of length 36. What is the maximum volume of 


1 
such a pyramid? Recall: volume of a pyramid is V = zah. 
Solution: let the dimensions of the square base be a x a, with a > 0. Let x be 


the length of the wire pieces joining the vertices of the base to the apex. Then 
4a + 4x = 36 & xr = 9 — a. Since x > 0, we must have a < 9. The volume of the 


pyramid is 
1 
V= gah 

with F 

2 2 

(EY ee ae 

2 2 

since the diagonal of the base has length v2a. Also, since h > 0 we have 
2 2 9/2 

a < 27? >a < V2" = V2 (9— a) = 9V2 — V2a > (1+ V2)a < 9V2 >a < o 


In terms of a, the problem is: maximize 


V = iah = Za 2 (9-a) — n TE 


for 0 < a < 9V2/(1 + V2). At each endpoint V = 0, so the maximum value of V must 
be at a critical point of V in the interval (0,9V2/(1 + V2)). Differentiate V: 


dV 2 y l < 18 + a) sn _ 4a(81 — 18a + 2) + a? (—18 +a) 
-> =a stais j 
A E — 18a+ 5 64/81 — 18a + © 

dV 2 3 PE" ; 

ae = 0 => 324a — 72a° + 2a” — 18a° + a? = 0 => a° — 30a + 108 = 0, 

a 


since we are assuming a > 0. The roots of the quadratic are 


+ ,/900 — 432 
we n 32 _ 154 VITT, 


only one of which is less than 9V2/(1 + V2) ~ 5.3, namely a = 15 — V117 ~ 4.2. Then 


x = V117-6 = 4.8, h = y 3v 117 — 18 & 3.8, V = (114—10v 117) / 3V 117 — 18 ~ 22.2 


Note: If you thought that h? + (a/2)? = x?, then your answer would be a = 10 — 2v7 


and 
8 
a=2/7-1, h=\/6V7—3 and V z(16 5V7)\/ 6V7 — 3; 


that is a 4.7, x ~ 4.3, h ~ 3.6, V ~ 26.5. This would just cost you one mark. 


8. [15 marks] The parts of this question are unrelated. 


r3 


(a) [7 marks] Find the length of the curve y = T 


2 
+—-forl<a<4. 
$ 


Solution: 


x 
: zt 1 4 : em 1 4 
= ie ee eee = ce pect 
fe sta) ae J (titi) i 


4 2 2 4 2 
T 2 z 2 
Dam (ata) © 
fe 27° 64 2 1 538 
24 gi, 24 4 4 ` 8 


(b) [8 marks] The region bounded by y = z?,z = 1,2 = 2 and y = 0 is rotated about 
the line y = 4. Find the volume of the resulting solid. 


Solution: integrate with respect to x, use the method of washers: 


£ 4 _. 


o> oo 
0.5 


odie ta T 
0.0 1.0 1.5 2.0 


Alternatively: integrate with respect to y and use the method of shells: 
1 4 
v = | am4—waydy+ | ama—ne- vey 
0 1 


1 4 
= 2r f (4—y)dy +2n | (8- 4/7- 20+”) dy 
0 1 
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FINAL EXAMINATION, DECEMBER 2014 
DURATION: 2 AND 1/2 HRS 
First YEAR - CHE, CIV, CPE, ELE, ENG, IND, LME, MEC, MMS 


SOLUTIONS FOR MAT186HI1F - Calculus I 
EXAMINERS: D. BURBULLA, S. COHEN, N. Li, D. REISS, 
L. SHORSER, H. TIMORABADI, N. WATSON, A. ZAMAN 


Exam Type: A. Aids permitted: Casio FX-991 or Sharp EL-520 calculator. 


This exam consists of 8 questions. Each question is worth 10 marks. Total Marks: 80 


General Comments: 


1. Question 1 caused the most problem. There were three common but totally wrong “solutions”. One 
was that F(x) was just the same as f(x); one was that the graph of F(x) was a piece-wise linear 
function; and the weirdest of all was that the graph of F(x) was just the graph of f(x) rotated 


counterclockwise by 90°! Question 1 was the only question with a failing average. 


2. The range on each question was 0 to 10. 


‚Breakdown of Results: 889 students wrote this exam. The marks ranged from 3.75% to 100%, and the 
average was 65.8%. There were four perfect papers. Some statistics on grade distributions are in the table 


on the left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 9.9% 
A 26.0% | 80-89% 16.1% 
B 18,8% | 70-79% 18.8% 
C 19.0% | 60-69% 19.0% 
D 16.8% | 50-59% 16.8% 
F 19.5% | 40-49% 12.3% 
30-39% 5.1% 
20-29% 1.6% 
10-19% 0.2% 
0-9% 0.3% 


MAT186H1F — Final Exam 


PARTI: No explanation is necessary. 


1. [avg: 4.4/10] The graph of the function f is given below. Let F(x) = fọ f(t) dt, for —4 < x < 5. 


Plot the graph of F. In the horizontal direction use the same scale as the above graph; in the vertical 


direction it is the shape of your graph that is important, not the actual y-values. 


Solution: F is decreasing if x < 0; F is increasing if z > 0; F(0) = 0 is an absolute minimum value. 


j 


y j 
Other features f 
listed in the | 
three margins: f inflection points l 
F'(—3) = -2 j F'(2)=0 
f 
im F'(z)=0 A OEE 
gs—>—17 é 
im, F"(x) =-1 Sh ca F"(0) =0 
a Pa 
—4 —3 —2 —1 0 1 2 3 4 5| z 
F'(x) = f(z): | <0 <0 <0 <0 >0 >0 >0 >0 >0 
Eee Fe): | <0 1 i 1 >0 <0 >0 |>0| <0 |>0 
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MAT186H1F — Final Exam 


PART II: Present complete solutions to the following questions in the space provided. 


2. avg: 6.3/10] Find the following limits: 


; 2, fin\ x 
(a) [3 marks] im 2 (=) z 
4 


Solution: use the definition of the definite integral, with Ax = us Ti = I7 and la, b] = [0, 7]: 
n n 


T 


n s m 
im 2H (=) TS f sin(x) dx = [— cos(x)]g = — cos r + cos0 = 2. 


k tang — gr 
(b) [3 marks] lim E 


Solution: the limit is in the 0/0 indeterminate form, so use L’Hopital’s Rule: 


a 1 
ioe shat = ia 
x20 T x2—0 3a 

f _ Ute? 
PH = ee 
eS ee 

Si 
= lim (tet)? 
gz—0 3 
= 1 
~ 383 


(c) [4 marks] lim (z + e”)2/* 


Solution: the limit is in the o0? indeterminate form so take the natural log of the limit, and 


then use L’Hopital’s Rule: 


i 

5 

IN 
B 
8 
+ 
o 
ae 


L= lim (z +e”) = InL 
=L— CO 


«L—0o 
1 T 
(use LH) = 2 lim ae 
roo © + e7 
e? 


(use LH) = 2 lim 


T 
(use LH) = 2 lim 2 
zoo eT 

= 

>L = é 
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3. [avg: 6.2/10] Find the following: 


4 z 


(a) [5 marks] I i CERE dx 


Solution: let u = 4 + z; then du = dz and « = u — 4, and 


4 È 8u—4 
Law = | er du 


lI 
— 
PETAEN 

g 
ho 
~ 
wo 

| 

3| 
lan CA 
ww 
Se” 
Qu 
< 


3 5/3 Sizal 
E 5 (du ) 


1 
96 3 3 
= Zei pS 

5 aaa: 


r? 
(b) [5 marks] F’(2) if F(a) = 2 if 36 + Ë dt 
8 
Solution: use the product rule, the fundamental theorem of calculus, and the chain rule: 


F'(x) = f V36 + t? dt + 21/36 + (x3)? (3x?). 


So i 
8 

F'(2) = 1 f 36 + t2 dt + 21/36 + (8)2 (12) = 0 + 24/100 = 240. 
8 
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4. [avg: 7.7/10] Let A be the area of the region between y = 1 + lng and y = 0 for 1 < g < eè. 


(a) [6 marks] Express the value of A in terms of one or more integrals with respect to z and in 


terms of one or more integrals with respect to y. (Draw a diagram!) 


Solution: 30 


A= i (1+Inz)d. 25 Pa 
E dy: 1 of 
0 a of 


where we have used the fact that 1.0 


y=1+lnr & r= emt, 


AR I ER E BA Tek tT bat 
oo. O08 16 24 32 = 43 56 64 72 8.0 


(b) [4 marks] Find A. 


Solution: since at this point of the game we can’t integrate lng, we calculate the area using 


-[e -Das f Ga 


= e 21+ [e?y — ey He 


integrals with respect to y: 


= e?—1+3e? —e? —e? 41 


= 2e 


Aside/ Alternate Calculation: if you know the antiderivative of Inz, then 


e2 
A -f (1+Ina) dz = [x +alna — a] = e ln(e?) — 0 = 2e”, 
1 


as before. 
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5. [avg: 8.7/10] Let v = t? — 5t + 6 be the velocity of a particle at time t, for 0 < t < 3. Find: 


(a) [4 marks] the average velocity of the particle. 


Solution: 


LIS E aoe 1 
wa = 3 f vdt=3 Œ Strodi 


(b) [6 marks] the average speed of the particle. 


Solution: we need to calculate the average value of |v 


on [0,3]. This will require two separate calculations since 


ger 


w 


v= — 5t +6 = (t—2)(t- 3), 


w 


a uw a 
pirtriisiriiit UHR DT ae OF Wl 


and so v > 0 on the interval [0,2], but v < 0 on the 
interval [2,3]. 


> 


SUTTTT TTT A E ry rrr Pec} 
oo 0.5 1.0 15 2.0 25 3.0 


t 


speed,,, = 


Il 
Ie ole le wje 

ATR 
om 
bo 

g 
a 
SR 
+ 
R 
oo 

i 
S 
Ner 
a 
ot 
SY 


3 2 3 
= alegre -45 -e+e 
0 2 

1/8 5, 1/27 45 8 5ng 
= —{--—-— 9.) es —{=-= 

AG e) + 12) 1E 5 8 (§ @) +12) ) 

14 1 
~ 9 | 18 
_ 29 
~ 18 
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4 
6. [avg: 6.1/10] A storage tank’s shape is formed by rotating the curve y = Z, for 0 < x < 2, around 


the y-axis. (Assume distances are measured in meters.) 


(a) [5 marks] What is the volume of the tank? 


Solution: use the method of discs with respect 
to the y-axis, and the fact that x? = 2,/y. The 


volume of the tank, in cubic meters, is ga i 
i 2 324 
V = Ta dy el 

0 


4 J 
= | mfidy vd 
0 


= 2r Bá ve J 
0 sag f | 
os 32 Re Get a TTT TTT l 
= 3 
=% 33.5 


Alternate Solution: use the method of shells and integrate with respect to z; 


2 4 2 5 6 
32 
v= [ane fea dz =2n | 4a — —) da =2n |222 -Z| = Žr. 
' 4 A 4 Zl 3 


(b) [5 marks] Suppose the tank is filled with water of density p = 1000 kg/m?. How much work is 
needed to pump all the water out of the tank to an outflow pipe 1 meter above the top of the 
tank? Use g = 9.8 m/sec’. 


Solution: the cross-sectional area of the tank at height y is A(y) = rx? = 27,/Y, as in part (a). 
Then the work needed to pump all the water out of the tank to an outflow pipe 1 meter above 


the top of the tank, in Joules, is 


WwW 


4 
1 pg Aly) (5 — y) dy 


853, 843 


Q 
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7. [avg: 6.2/10] The graph of the astroid with 
equation «?/3 + y?/3 = 1 is shown to the right. 


(a) [5 marks] Find the total length of the astroid. NB: if your 


integrand is not defined at x = 0 don’t worry; just ignore 


this minor technicality and proceed to integrate as usual. 


Solution: use symmetry; total length is four times length of the curve in the first quadrant. Then 


hy (F p [a —dr=4 h on) =6, 


where you can calculate 4/1 )? explicitly or implicitly, as follows: 


V1— 22/3 
y = (1—27/8)8/2 > T yE P =a) = 


2 71/3 

eae dy E x2/3 4 1 — 72/8 _ 1 | 

ay 7 72/3 eis | 

OR: | 
2 1 2 1 dy dy yi/3 | 


rP 4497/3 1 = 


Bae oa Cae E 


dy = 2/3 + y2/3 Ka 1 
Ti ji o -/ 2/3 pl /3 


(b) [5 marks] Find the area of the surface generated by revolving the astroid about the z-axis. 


Solution: double the surface area of the right half. 


SA = ae amni (F 


an f ie fr -de 
0 


0 
(let u = 1 — £?) = an (-3) f u!? du 
1 


1 
ôr | Pde = 6% |\o yl? cm 
0 5. 0 5 


Note: its actually easier to use symmetry and revolve around the y-axis instead: 
i; 1 1 
1 3 12 
SA=2 | 2r dr =4r | 2? dr = 4r |2| = £r. 
0 x1/3 0 5 0 5 
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8. [avg: 7.0/10] At 1 PM a military jet is flying due east at 20 km/min. At that instant, at the same 
altitude and 300 km directly ahead of the military jet, a commercial air liner is flying due north at f 
10 km/min. When are the two planes closest to each other? What is the minimum distance between 
them? 


Solution: Let t = 0 correspond to 1 PM; let due east 
be in the direction of the positive z-axis; let due north 


be in the direction of the positive y-axis; and let the 


origin be the location of the military jet at 1 PM. Then 


(300, 10¢) 
with time t measured in minutes, the position of the 


military jet at time ¢ is (20¢,0) and the position of the | 


commercial air liner is (300, 10¢). Let D be the distance (20t, 0) E 


between the two planes at time t. Then 


D? = (300 — 20t)? + (10#)?, 
and, differentiating implicitly, 
2D— = 2(300 — 20¢)(—20) + 2(10¢)(10) = 1,000 ¢ — 12, 000. | 


At the critical point, 
dD i 
— = 0 s> t= 12. | 
dt | 


There is a minimum value of D at t = 12 since 


D 
iea pa >0. 
dt dt 


Thus: 


e the distance between the two planes is minimized at 1:12 PM, i 
e and the minimum distance, in km, between them at that time is 


D = x/(300 — 240)2 + (120)? = 60V5 ~ 134.2 
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This page is for rough work; it will not be marked. 


Page 10 of 10 


The end. 


UNIVERSITY OF TORONTO 
FACULTY OF APPLIED SCIENCE AND ENGINEERING 
SOLUTIONS TO FINAL EXAMINATION, DECEMBER 2015 
DURATION: 2 AND 1/2 HRS 
FIRST YEAR - CHE, CIV, CPE, ELE, ENG, IND, LME, MEC, MMS 
MAT186H1F - Calculus I 


EXAMINERS: G. BENYAMINI, D. BURBULLA, S. COHEN, D. FUSCA, 
L. SHORSER, M. MATVIICHUK, A. ZAMAN 


Exam Type: A. Aids permitted: Casio FX-991 or Sharp EL-520 calculator. 
This exam consists of 8 questions. Each question is worth 10 marks. Total Marks: 80 


General Comments: 
1. Questions 1 to 7 were well done! No surprise: many were very similar to previous exam questions. 


2. Question 8 was the only question that posed difficulty. Many students explicitly wondered what 
this question covered. It consisted of three parts: finding a cubic function that satisfied four given 
conditions; a related rates problem, relating vertical motion to horizontal motion; and a max/min 
problem, to find the maximum vertical acceleration. Very few students got this question completely 


perfect; most students couldn’t really get started. 


Breakdown of Results: 877 students wrote this exam. The marks ranged from 13.75% to 98.75%, and 
the average was 70.2%. Some statistics on grade distributions are in the table on the left, and a histogram 


of the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 3.2% 
27.1% 80-89% 23.9% 


31.0% | 70-79% 31.0% 
21.9% | 60-69% 21.9% 
12.6% | 50-59% 12.6% 
7.4% | 40-49% 4.9% 
30-39% 1.8% 
20-29% 0.5% 
10-19% 0.2% OO b [ 


0-9% 0.0 % 


MOQ we 


1. [avg: 8.08/10] Find the following: 
4 
(a) [5 marks] ik xV16 — r? dx 
0 
Solution: let u = 16 — x”. Then du = —2z dx and 


4 
[ evas = -5f vudu 
0 


(b) [5 marks] F’(2), if F(x) = f V32 + #2 dt 
Solution: the integrand is even, so 
F(z) =2 | VP 
Use the Fundamental Theorem of Calculus, Part I: 
F"(x) = 2/32 + z2. 


In particular, 
F'(2) = 2V36 = 12. 


Otherwise: 


0 Ë -r x 
F(a)= | Vane Pat | Vane eatr=— | Vax Pats | V32 + t7 dt 
=y 0 0 0 


=> F'(x) = —\/32 + (—2)?(-1) + V32 +22 = 2 V 32 + 2; 
SO 


F'(2) = 2/36 = 12, 


as before. 


2 Continued... 


2. [avg: 9.47/10] Let v = t? — 4t + 3 be the velocity of a particle at time t, for 0 < t < 3. Find: 


(a) [4 marks] the average velocity of the particle. 


Solution: 


Vvavg = 


3 


1 f8 1 
f ra=; 
i 3 


3 
f (£ — 4t + 3) dt 
0 


(b) [6 marks] the average speed of the particle. 


1 
313 


£3 
L + 3t 


Solution: speed is |v|. We have v = (t — 1) (t — 3); so 


v>0if0<t<1, butv<O0if1l<t<3. 


Thus 


speedayg 


1 

1 1 3 

AG vat+ | (vat) 
3 Uo 1 

1 fe 1 ife 
< |" _ 924.34] — = 
“eee 
1 

3 

8 

9 


| 


3 


0 


1 
3(9- 18 +9) =0. 


Continued... 


3. [avg: 9.48/10] The region bounded by the curves y = 3 z and y = 2? is revolved about the x-axis. Find 


the volume of the solid that is generated. 


Solution: find the intersection points. 
ze? —3¢4=082=0orre=3. 


Then, using the method of washers, the volume is 


given by 


3 
= T r)? — (x)? We 
v= f r (2)?-(@) a 


So the volume is 


Alternate Solution: use the method of cylindrical shells and integrate with respect to y: 


[20 (Ba 


9 y2 
= an | (vi? - £) dy 
0 3 


379 
— 2x Eu? 2 

9 0 

9 


V 


5 


7- 72 ) 
= m| 
5 9 


4 Continued... 


4. [ave: 7.17/10] Let A be the area of the region between y = 7/2 and y = sin! g for —1 < z < 1. 


(a) [6 marks] Express the value of A in terms of one or more integrals with respect to x and in 


terms of one or more integrals with respect to y. (Draw a diagram!) 


Solution: in terms of an integral with respect 


A= L (z — sin”! z) dz. 


With respect to y, use that x = sin y. Then 


to T, 


T/2 T/2 
a= | (siny — (—1)) ay = | (1+sin y) dy. 
—n/2 —1/2 


(b) [4 marks] Find A. 


Solution: of the two integrals above, only the second one can be evaluated with the methods 
of integration we have covered in Chapter 5. That is, 
a /2 T/2 T/2 
a= | (1+siny) dy=2 f dy + f sinydy =7+0=7, 
—n/2 0 —n/2 
where we have used symmetry to simplify the calculations. Or, more laboriously, 
T/2 


A= om dy = [y - cosy], = 5 cos Z ( i cos ( =) ) =a. 


Alternately, if you know integration by parts, you could evaluate the first integral from part (a) 


as well. First you would have to use parts to establish that 


fsntede=asin e+ VITO: 


5 Continued... 


5. 


avg: 5.43/10] Let r > 0. Let V be the volume of the solid of revolution generated by revolving the 


1 
—,, y=0, x=r and z =r + 1, about the y-axis. 
14 2? 


(a) [4 marks] Write down the definite integral that gives the value of V. 


region in the xy-plane bounded by y = 


Solution: use the method of shells, and integrate with respect to zx: 
r+1 2 
V= | ii dx 
fe. Tig? 


(b) [6 marks] Which value of r will maximize the value of V? 


Solution: to find the derivative of V, its easiest to use the Fundamental Theorem of Calculus, 


Part I: 
dV .2x(r +1) Qar 


dr 1+(r+1)? 149? 


OR, the long way: evaluate V first, and then differentiate: 


rt+l 
A = 


Ven [In(l+ a”) T (In(1 + (r +1)°) — ln(1 + r°)) : 


from which 


dV 2(r +1) 2r 
DAA ; 
dr 1+(r+1)? 1+r? 


as before. Next: find the critical point: 


dV o r+1 Oo Tr 
dr 1+(r+1)? 1+r? 
=> (rt1)\ +r’) =r1+1+2r+r°) 
> pPtrttrt lar? 4 or? 4 or 
> Por-1=0 
—] + 5 
=> pee 


Since r > 0, we must take 


apis 
pe eye ~ 0.618. 


By the first derivative test, V has a maximum value at the critical point, since 


7 8r P aii 
Vi(1/2) = ee > 0 and V'(1) = 5 <0. 


6 Continued... 


6. [avg: 7.7/10] A water tank is shaped like an inverted cone with height 6 m and radius 1.5 m at the top. 


If the tank is full, how much work is required to pump the water to the level of the top of the tank, 
and out of the tank? (Assume the density of water is p = 1000 kg/m? and that g = 9.8 m/sec”.) 


Solution: in the diagram to the right, a side view of the cone is shown. 


By similar triangles, 


Therefore 


and 


$ 1.5 

HS 

Y 6 

A(y) = T? = 
W 


—y. 


y 
(1.5,6) 
(x,y) 
x 
6 
T 2 
—y*(6—y)d 
[oa aur y) dy 
6 
TPg 2 3 
{2 | (6y2-y3)d 
T p © y”) dy 
TPI yJ" 
BEA! 19 Be 
16 by at 
277 pg 
4 
66, 1507 


207, 816.354 (Joules) 


7 Continued... 


2 
7. [avg: 6.97/10] Consider the curve y = 3 x2, forO<a2 <8. 


(a) [5 marks] Find the length of the curve. 


Solution: 


and the length of the curve is 


8 


8 
| Fea = 21 4.0)3?? = = (9°? 1)== 
ô 3 3 


0 3 


(b) [5 marks] Find the area of the surface generated by revolving the curve about the y-axis. 


Solution: revolving the curve about the y-axis makes x the radius of each surface strip. 


8 | 2 
SA = | 20x 1+ (2) dx 

0 dx 

8 
= | 2rz v1 + zdz, using calculation from part (a) 

0 

9 9 
(let u= 1+) = | 2r(u — 1) yu du = an | (u — vu) du 
1 1 


9 


2 2 
9q | yd/2 — u3/2 
r [žu z i 


= an ( £243) 5 (27) +2) 


Solution 2: solve for x = g(y) and integrate with respect to y. See page 10 for the details of 


these calculations. 


8 Continued... 


8. 


[avg: 1.87/10] Suppose that when an airplane approaches an airport for (p, h) 
landing its path must satisfy the following five conditions: 
i) Altitude must be y = h meters when descent begins. h 


ii) Smooth touchdown occurs at x = 0. 


( 
( 
(iii) Constant horizontal speed u m/sec must be maintained throughout. 
(iv) At no time must the vertical acceleration in absolute value exceed a fixed positive constant k. 
( 


v) The path must be a cubic polynomial with zero slope at the beginning and end of the descent. 


How far from the landing strip must the descent begin? Your answer will be in terms of u, h and k. 


Solution: let y = f(x) = az? + bz? + cx +d be the path of descent. Then f'(x) = 3ax? + 2br + c. 
Since f(0) = 0 and f’(0) = 0, we know immediately that c = d = 0. Thus 


f(x) = ax? + ba? and f'(x) = 3ax? + 2bx. 


Let the descent begin at x = p; then f(p) = h and f’(p) = 0. Use these two equations to solve for a 
and b: 


app + bp = h 3apð + 3bp? = 3h 3h 2h 
= b= = anda=-—-. 
3ap? + 2bp = 0 3ap> + 2b = 0 P P 
So, in terms of p and h, the path of the descent is 
2ha? 3hr? 
y=f(z)=- a5 . 
Ga 


Since the horizontal speed is constant u, the horizontal velocity is —u, and the vertical velocity is 


dy 6ha? dx _ Sha dx 6ha? 6hx  6hu 


= _ _ 2 l 
t pd pd pO pT (2° — px) 
Then the vertical acceleration is 
dy 6hu dr  6hu? 
E p (2x — p) = E (p — 2x) 


a : . . hs ; 
The maximum value of |“! is at either end point, x = 0 or x = p. Finally, to satisfy condition (iv), 


dt? 


set 
dy 


OU seh O o sS PL 
di2 | = EAREN E 


/6h 
Conclusion: the descent must begin at least u T meters from the landing strip. 


9 Continued... 


Some Alternate Calculations: 


Quesiton 7(b), Solution 2: solve for x = g(y) and integrate with respect to y. This will work, but it is 


much, much messier, algebraically, and trickier in terms of calculus. 


2 g\ 1⁄3 
y= 20? z= (3) ji: 


g\ 1/3 oe 9\ 1/3 2 
s= (a) ¥ and ad=(2) (sa) 
3272/3 
SA = / 2rg(y) V1 + (g/(y))? dy 
322/3 9 1/3 4 1/3 1 
= Z 2/3 & Diaan 
AEO AO Ga) 
32V2/3 1/3 is a 4 1/3 
— 2? 2/3 = 
rJ () A +(3) i 
4 1/3 3 9(4/9)1/3 9 1/3 4 1/3 
gas SRE a fe d 
(eeN) = 2(3) Loom O O ) ee 
saa 1/3 
= anf © ery) du 
4/9 g)1/3 


a 2 
= 37 (7) u5/2 — 2 43/2 


SO 


Then 


(4/9)*/3 


= 3r (3) (2) 00a- Zao 7 (2) aos? + Sway) 


24 4 4 2384 2384 
= 37 2 12 + = 3T jea 2 as before!! 
5 15 9 45 15 


Question 8, Alternate Answer: if D is the distance from (x,y) = (p, h) to the origin (x,y) = (0,0), 


then ; 
Dap ty 2 (5) +h? =u? @ +h? > D> 4/v? ($) +r. 


But this approach, to set up the problem in terms of D, is much messier. Part of using math to solve a 


problem is to try and use the simplest approach! 


10 Continued... 


Assuming Constant Vertical Acceleration in Question 8: this is of course incorrect, but if you do 


assume a constant vertical acceleration of 


d 
PY y 
dt? 
then 
1 
= — kt +h. 
y z F 
At the moment of landing, y = 0, so 
l=. 
k 
Using the fact that the horizontal speed is constant, u, we have, for p the horizontal distance to the landing 
strip, 
2 
t= >p% 
u u 
Hence 


which ‘looks’ very close to the actual answer, but is totally wrong. Its totally wrong because if the vertical 
deceleration is constant, and the horizontal speed is constant, then the path of descent will be a parabola, 
i.e. a quadratic function, not a cubic function. And physically, a quadratic path of descent would be 
problematic: there would only be one point on the path at which the tangent line would be horizontal. 


Either the landing or the initial moment of descent—or both—would not be smooth! 


11 Continued... 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 


12 The end. 


UNIVERSITY OF ‘TORONTO 
FACULTY OF APPLIED SCIENCE AND ENGINEERING 
SOLUTIONS TO FINAL EXAMINATION, DECEMBER 2016 
DURATION: 2 AND 1/2 HRS 
FIRST YEAR - CHE, CIV, CPE, ELE, ENG, IND, LME, MEC, MMS 
MAT 186H1F - Calculus I 


EXAMINERS: D. BURBULLA, M. EBDEN, A. FENYES, N. SARQUIS, 
L. SHORSER, M. MATVIICHUK, T. WILSON, A. ZAMAN 


Exam Type: A. Aids permitted: Casio FX-991 or Sharp EL-520 calculator. 


This exam consists of 9 questions. Each question is worth 10 marks. Total Marks: 90 


Breakdown of Results: 748 students wrote this exam. The marks ranged from 5.6% to 100%, and the 
average was 69.9%. There were four perfect papers. Some statistics on grade distributions are in the table 


on the left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 12.7% 
34.4% 80-89% 21.7% 


23.8% | 70-79% 23.8% 
15.9% | 60-69% 15.9% 
12.4% | 50-59% 12.4% 
13.4% | 40-49% 8.2% 
30-39% 2.7% 
20-29% 1.3% 
10-19% 0.9% 
0-9% 0.3% _ | 


WOO wie 


1. [avg: 7.48/10] Find the following: 


ge = 1 


(a) [3 marks] the equation(s) of the vertical asymptote(s) to the graph of y = a Pane 
x? — Ag 


Solution: factor and divide. For x 41,2 43, 


x? —1 (e-1)(@+1) «+41 


YS —424+3  (z—l)\(ex—-3) 2-3 


Then the only vertical asymptote to the graph of y is the line z = 3. 


. = 2 
(b) [3 marks] lim og 
z—-0 tang 


Solution: the limit is in the 0/0 form. Use L’Hopital’s Rule: 


2 
sin™t(2£) 1- (2x)? 
im ———~ = lim — 2 
z>0 tanz z—>0 sec* xr 


(c) [4 marks] the maximum and minimum values of f(x) = x? — 3z on the interval [0, 2]. 


Solution: The extreme values will occur at the 


endpoints or the the critical point(s). 204 
Endpoints: 4 / 
f(0) = 0 and 7 (2) =2. os 
ate ae we set Fi te te ihe is] te" ah 
Critical Points: “4 a / 
a2 hy Fj 
/ 2 N £ 
= -—3= =+1 ce k ft 
f(a) =3e -3=0 >r ; 2 ba a 
and f(1) = —2. 
So the maximum value of f on [0,2] is M = 2 and the minimum value of f on [0,2] is m = —2. 


2. [avg: 6.3/10] Let R be the region bounded by the curves y = 32 and y = 2? for 0 < x < 3. Set up 


(but do not calculate) integrals with respect to x that give the following volumes: 


(a) [3 marks] the volume of the solid generated by revolving R about the z-axis. 


sod a 
Solution: Use the method of washers: a 
3 a] Fá 
V = T ((3x)? — (x?)?) dx e 
0 4 Ei 
| Fi 
tre : rm TT Bp; TT ne TT RE TT EA 
(b) [3 marks] the volume of the solid generated by revolving R about the y-axis. 
Solution: use the method of shells: 
3 
V= f Qra(3x — x”) dx 
0 
(c) [2 marks] the volume of the solid generated by revolving R about the line with equation x = —2. 


Solution: variation on part (b): 


3 
= TX r-r? L 
v= | am +2)(82 — 22) d 


(d) [2 marks] the volume of the solid generated by revolving R about the line with equation y = 9. 


Solution: variation on part (a): 


3 
= T — g?) — — 3x)? T 
v= | z (0-2? -(9-32)) d 


3. [avg: 7.57/10] Let v = 10 sin(2t) be the velocity of a particle at time t, for 0 < t < 32/2. Find: 


(a) [4 marks] the average velocity of the particle. 


Solution: 
1 3/2 
= = dt 
TONE aril 
2 37/2 
= — 10 sin(2t) dt 
37 0 
2 T 
= zz [=5 cos(24)]o /2 
20 
© 3n 


(b) [6 marks] the average speed of the particle. 


Solution: speed is |v] : 


1 37/2 
bave = z| Pid 


2 T/2 
= 2 7 10sin(2t) dt 


2 T/2 44 
—|— 2t y4 
2 L-5 cos(21)]; 


20 -d 


= -104 


T 


4. avg: 6.97/10] Find and simplify the following: 


(a) [4 marks] F’(3), if F(x) = f tdt 


Solution: use Fundamental Theorem of Calculus, Part 1, and good old chain rule: 


F'(x) = (tan! Vz) Ga ; F'(3) = (tan! v3) (=) = 5 


4 
(b) [6 marks] i a? V16 — «2 dx 
0 
Solution: let u = 16 — z?; then du = —2x dx and 
4 4 
J xr? V16 -—zr?dr = F x? v16 — x? (2x) dx 
0 0 
1 0 
= J E 
2 J16 
1 r16 
= F (16 — u) Vudu 
2 Jo 
1 r16 : 
=, — 43/2 
a (16vua u ) du 


16 
— ish [Fer _ ZS] 


2|3 3 
1/2048 2048 

~ 9 ( 3 5 ) 
2048 

~ B 


5. [avg: 8.5/10] Let A be the area of the region bounded by y = Inz,y = 2,y=0 and x = 0. 


(a) [3 marks] Express the value of A in terms of one or more integrals with respect to x. 


ie Be 
164 wf 
Pal Pi Solution: 
al Fi l P 
~] Z i=l 2de+ f (2 — lIn z) dz 
4 / 0 1 
0.64 
€T f 
02] / 
0.05 PED playa een a pean R eee Lr 
0 1 2 3 4 5 6 2 


x 


(b) [3 marks] Express the value of A in terms of one or more integrals with respect to y. 


2 
a= | e” dy 
0 


Solution: y = lng & z = e”. Then 


(c) [4 marks] Find A. 


Solution: integrate with respect to y since at this stage of the course, we don’t know how to 


integrate ln x with respect to x: 


2 
a= f e dy = [P] =e? -1 
0 


. [avg: 7.55/10] A water tank is shaped like a sphere with radius 3 m. If the tank is full, how much 
work is required to pump all the water to an exit pipe 1 m above the top of the tank? (Assume the 


density of water is p = 1000 kg/m? and that g = 9.8 m/sec”.) 


Solution: put the origin at the centre of the tank, so 
that the cross-section of the tank in the x, y-plane has 


equation 


Then the work done is 


3 
j W= IZOLE dy, 


where A(y) is the cross-sectional area of the tank at 


height y. 


3 
W = IZOLE 


3 
= f, pgT(9 — y’) (4 — y) dy 


3 
/ pgm (36 — 4y? — 9y + y’) dy 
—3 


pgn (fes — 4y?) dy + [w — 9y) in) 


3 
(by symmetry) = 2ogn | (36 — 4y?) dy +0 
0 
Ay? 3 
= 2pgr sy = E] 
3 Jo 
= 144pgr 


So it will require 144pgr = 14112007 ~ 4, 433, 416 Joules to empty the tank. 


1 
7. [avg: 6.96/10] Consider the curve y = 2° + Da fri<r<2. 
x 


(a) [5 marks] Find the length of the curve. 


Solution: 
dy 2 1 
a2 eas EQ pee ete l 
dx "O Dr 
dy\? pad 1 eel 
s1i+(—) = 14/9 = 9x4 + = 
(2) ( T DESE 


II 
POTON 
w 
8 

N 
+ 
| 
J A 
N 
NY 
N 
| 
w 
N 
+ 
=. 
N 
| 


dy 
14 (2 
= (<i) 


Thus the length of the curve is 


1 


14474 


1 
12x2 


2 dy % 2 1 
T {| + (2) dx i (se + ) dx E 2s 


(b) [5 marks] Find the area of the surface generated by revolving the curve about the y-axis. 


Solution: use your calculation from part (a). 


(a) 
2 2 
SA = f emesis (2) dx 
1 dx 
2 1 


II 
m 
bo 
R) 

8 
ATON 
(oS) 

8 

N 

+ 

= 

bo 

| 
Ss 

a 
8 


24 
8. [avg: 6.12/10] Let f(x) = 18/546 2/5, for which f'(x) = sas + sas and f”(x) = me — i 


(a) [L mark] On which interval(s) is f increasing? 
Solution: 


moa 6 as, 6 as _ 6+1) 
f(z) = zr + <2 = ee 


So f'(x) > 0 if x > —1,a2 40. The graph is increasing for —1 < x < 0 or x > Q0. 
(b) [1 mark] On which interval(s) is f decreasing? 

Solution: the graph is decreasing if f'(x) <0 & z < —1. 
(c) [2 marks] On which interval(s) is f concave up? 

Solution: 


be 2. 24 | 6(x — 4) 
1 = 4/5 9/5 = 
ar 25° 2509/8 


The graph is concave up if f’(z) >O@a2<O0orr>4. 


(d) [1 mark] On which interval(s) is f concave down? 
Solution: the graph is concave down if f(x) <0 @0<a<4. 
(e) [5 marks] Sketch the graph of f indicating critical points and inflection points, if any. 


Solution: 
The graph has an absolute minimum at 


there is a vertical tangent at x = 0 since 


4 ra T; = —1, —5 : 
154 rs ( y) ( ) 

| ra f it has two inflection points, at 
104 

/ (x,y) = (0,0) and (4,10- 41/5); 
wz 


er TIT T1771 
-2.5 qo 25 5.0 


lim f'(x) = œ 


x—0 


9. [avg: 5.48/10] Consider the problem: 


barn wall; no fence needed here 


Two triangular pens (areas for animals) are built 
against a barn. Two hundred meters of fencing y z y 


are to be used for the three sides and the diagonal 


dividing fence. See figure to the right. The total 0 


area of the two pens is to be maximized. x 


(a) [3 marks] Set this problem up in terms of the dimensions of the rectangle in the figure. That is: 


which function is to be maximized, subject to which constraint(s)? 


Solution: maximize A = 2 (=) = ry such that 2y + £ + y x? + y? = 200. 
(b) [3 marks] Now set this problem up in terms of an acute angle in one of the triangles, and the 


length of the diagonal dividing fence. 
Solution: use x = z cos 0, y = z sin 0. Now the problem is 


maximize A = z? sin 0 cos 0 such that 2z sin 8 + z cos 0 + z = 200. 


(c) [4 marks] Express the total area of the pens in terms of one variable. What equation would you 
have to solve to find the critical point(s) of your total area function? (You do not actually have 
to find the critical point(s).) 


200 


S l ti : f t b = ` 
olution: from part (b), z 2sin@ + cos +1 


So as a function of 0, 


200? sin 0 cos 0 
(2sin 0 + cos 0 +1)?’ 


for 0 < 0 < 1/2. Then 


dA z 9992 (cos? 0 — sin? 0) (2 sin 0 + cos 0 + 1)? — 2 sin 0 cos 0(2 sin 0 + cos + 1) (2 cos 0 — sin 0) 
dé (2sin 6 + cos6 + 1)4 
(cos? 0 — sin? 0)(2 sin 0 + cos @ + 1) — 2sin 0 cos 0(2 cos 0 — sin 0) 

(2sin@ + cos + 1)’ 


2007 


Expanding and simplifying the numerator gives: 


dA 
P7 = 0 = cos? 6 + cos? 6 + sin? 6 cos 0 — 2 sin? 0 — sin? 6 — 2 cos? 0 sin 0 = 0. 


Note: 2sin9 + cos + 1 Æ 0 for 0 < 8 < 7/2, so there is only one type of critical point. 


10 


Rest of Solution to Question 9, for those interested: using sin? 6 = 1 — cos? @ the equation at the 


end of the previous page can be simplified to 
2cos? 0 + cos@ — 2sin@ — 1 = 0, 


although the ‘obvious’ solution 0 = ~ is irrelevant. The acute solution can be approximated using Newton’s 


method to find that 6 ~ 0.6142904078, and consequently z ~ 67.34, x = 55.03, y ~ 38.81 and A ~ 2135.95. 


11 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 
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UNIVERSITY OF TORONTO 
FACULTY OF APPLIED SCIENCE AND ENGINEERING 
SOLUTIONS TO FINAL EXAMINATION, DECEMBER 2017 
DURATION: 2 AND 1/2 HRS 
FIRST YEAR - CHE, CIV, CPE, ELE, ENG, IND, LME, MEC, MMS 
MAT 186H1F - Calculus I 


EXAMINERS: S. AMELOTTE, F. BISCHOFF, D. BURBULLA, S. COHEN, J. ENNS, 
M. MATVIICHUK, M. PALASCIANO, K. PHAM 


Exam Type: A. Aids permitted: Casio FX-991 or Sharp EL-520 calculator. 


General Comments: 
e In Question 1(c) very few students knew, or bothered, to check that y’ has an infinite limit as x > 0. 


e Many students tried integration by parts for Questions 4(a) and 5(b), which we had not covered, and 


which was not necessary 


e In Question 5, some students used Newton’s Method to approximate the intersection point of the 
two curves, but this was not necessary, as you can find the intersection point by “inspection,” by 


using some basic trig values, i.e. tan(7/3) = v3. 


Breakdown of Results: 731 registered students wrote this test. The marks ranged from 5% to 100%, 
and the average was 77.3%. There were 13 perfect papers. Some statistics on grade distribution are in the 


table on the left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 23.2% 


50.4% | 80-89% 27.2% 

23.4% | 70-79% 23.4% 

14.4% | 60-69% 14.4% 

6.6% 50-59% 6.6% 

5.2% 40-49% 3.3% 
30-39% 1.1% 
20-29% 0.7% i 
10-19% 0.0% [| 

——— om 


0-9% 0.1% 


WO a wje 


1. [avg: 7.8/10] Find the following: 


sin(22) 
3x 


(a) [3 marks] lim 
«20 
Solution: the limit is in the 0/0 form so use L’Hopital’s Rule. 


in(2 2 2 2 
A sin(2x) RE cos(2x) _2 
z>0 3x xz0 3 3 


d 
(b) [4 marks] the value of 7 at the point (x,y) = (1,2) if z? + zy? = z + 8. 
Solution: differentiate implicitly. 


d dy 1-—2r-— y? 
r? Hry = r+8 > 2m +1- y 3e =15 oe Z os 
dx dx say 


so at the point (x,y) = (1,2), 


dy 1-2-8 9 8 


dx 34 12 #4 


(c) [3 marks] the equation of the vertical tangent line to the graph of y = 27/9 — 7 21/3 
Solution: let y = f(x). We need to find at which point f'(x) is undefined. 


OB 7. 
3 322/83" 


F(x) 


so f’(0) is undefined. To confirm there is a vertical tangent at x = 0 you have to check that 


there is an infinite limit of f'(x) as x > 0: 


we T 7 (x —1 
1 f = |i — — — = li — 
lim f (x) = lim ( 3 a] lim 5 ( -773 ) o0. 


So, yes, the vertical line with equation x = 0 is a vertical tangent line to the graph of y = f(z). 


Aside: this is the same function that appeared 


on test 2; its graph is to the right: 


. [avg: 9.0/10] Let R be the region bounded by the curves y = 52 and y = 2? for 0 < x < 5. Find the 


following: 


(a) [5 marks] the volume of the solid generated by revolving R about the z-axis. 
Solution: on the interval [0,5] the line y = 5x 
is above the parabola y = x”. (See diagram.) So, 
using the method of discs/washers, the volume 1 $ 


is 28- 
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Alternate Solution: use the method of shells and integrate with respect to y. 


25 
25 5/2 3 
yY 2y Y 1250 7 
v= 2 ( -2) dy =2 = 
f Ty (vy— 5) dy “| 5 at 3 


(b) [5 marks] the volume of the solid generated by revolving R about the line x = —3. 


Solution: use the method of shells. 


5 
2 
V I 2r(x + 3) (5x — x^) dz 


5 
= an | (Qu? + 15x — 2°) dz 
0 


9 2z” 152" x 
= riy 
a ah 
2 3p 

= 2 EEEE 
50 G+ `) 
1375 

= = 720 


Alternate Solution: use the method of washers and integrate with respect to y. Then V = 


25 2 25 2 2 3 13757 
2 y = y y = y 3/⁄2_ 9 = 
a Ie = = + 4 = 
I r (vars) Ea) ay rf 5 tvy E) dy z| 10 te 7 


3. [avg: 8.95/10] Let v = —t? + 5t — 4 be the velocity of a particle at time t, for 0 < t < 4. Find: 


(a) [4 marks] the average velocity of the particle. 


Solution: direct application of average formula. 


1 ff 1 ff 1f e æ 4 1/ 64 2 
= — dt = t?+5t—4) dt = ' 4t| = + 40-16) =% 
Vavg mi ak Em zl 3° 2 I i( as 5) 3 


(b) [6 marks] the average speed of the particle. 


nm 


Solution: the average speed is given by 


1 4 
if lol de. 
4 0 


Since v changes signs on the interval [0,4] we 


: ` 


0 04 08 2 16 20 24 28 32 3.6 XAO 


> 


Hi teaa A lpiitiiiilt 


have to calculate two separate integrals: 


1 ff 1 f! ib, fe 
— dt = — — = 
if ta] odata f vdt 


So the average speed is 


1 
~ 


1 
w 


1 1 4 
jf -544d ix Pa be) dt 
4 Jo 4 Sy 
a E 5? lye a 
~ Ale 2 o 4l 3'2 i 
1/1 5 1/ 64 1 5 
= +4) 4 + 40 — 16 4 4 
G 2 (-$ a 5 +4) 
. U2, 1. 10 
~ 4 3 24 12 


Wi 2 I1 2 


4. [avg: 7.1/10] Find the exact values of the following: 
3 
(a) [3 marks] f (x cosx — x”) dx 
-3 
Solution: use symmetry to simplify the calculations. 


3 3 3 
(z cosx—2?)dx = a’ cosg dx — r? dx 
Ce. er 


-3 = odd =O even 


4 
(b) [3 marks] f v 16 — z? dx (Hint: interpret the integral as an area.) 
0 


Solution: y = V16— 2? > 2? + y? = 16. so a 7 
the integral represents a quarter of the area of za 


a circle of radius 4. (See diagram.) Therefore J % 


4 
1 
f y 16 — x? dx = = (16r) = 4r. i 
0 4 


a | EP fl 
00 04 08 12 16 2 
x 


T 
0 24 28 3.2 3.6 4.0 


4 
(c) [4 marks] i x y 16 — z? dx 


Solution: use a substitution. Let u = 16 — x?. Then du = —2x dz and 
4 1 0 
f zv 16-— xz? dr = -3f vudu 
0 16 
1 is 


TTL 


3 


5. [avg: 7.0/10] Let A be the area of the region bounded by y = tan”! and y = (Draw a 


diagram.) 


(a) [3 marks] Express the value of A in terms of one or more integrals with respect to x. 


Solution: since 


T T 
n7! y3 = -= z and tan™t(—v3) = =i 
the intersection points of the two graphs are 


(0,0), (v3, =) and (-v3, -7) . With respect 


to x the value of A is 


(b) [3 marks] Express the value of A in terms of one or more integrals with respect to y. 


Solution: with respect to y the value of A is 


of” (Ee a as) dy 


(c) [4 marks] Find the value of A. 


Solution: integrate with respect to y, since we don’t know an antiderivative of tan7! z. 


A= |” *(SSt sons) dy 
0 


T/3 T/3 c; 
= ai ydy—2 | Sa dy 
0 0 


T cos y 
64⁄3 277/3 1/2 d 
= wee] +2 f a" with u = cosy 
T 2 Jo 1 u 
6v3 


ee (5) + 2(In(1/2) — In 1) 


= — 2]n2, or L — ln 4 & 0.4275 


v3 O v3 


6. [avg: 7.9/10] A water trough has a horizontal length of 2 m, and vertical 
cross sections which are equilateral triangles, with each side of length 
0.5 m . (For the shape of the trough, see the diagram to the right.) If 
the trough is full, how much work is required to pump all the water up 
to an exit pipe 1 m above the top of the trough? (Assume the density 
of water is p = 1000 kg/m” and that g = 9.8 m/sec”.) 


Solution: consider a vertical cross-section: 


Y To calculate the vertical depth of the tank you 
h=1+ va can use the Pythagorean Theorem: 
3 v3 
P + (1/4)? = (1/2? > P = — > d= —. 
+ (1/4)? = (1/2) = , 

To calculate the width of the tank at height 

1/4 | 1/4 y there are two approaches you can use: 

y 
1. y = tan(r/3) r = V3 r > r = Z. 
— 4 2. or, by similar triangles, 
T/3 
1/4 1 
z ra me 


u yaw VB VB 


Either way, the horizontal cross-sectional area of the tank at height y is given by 


. 4y 
A(y) = length x width = 2 (2x) = 4r = —, 
(y) g (2x) NA 
and the work required to empty the tank, in Joules, is given by 
d 
W = [ ea Awih— way 
0 
V3/4 4 V3 
y 
= —= (1+ — = ye 
f PIa! 77 yay 
Pg var 2 vsi 
= — 4y — 4y ay +pg | y dy 
i M 
_ pg a a + pg B 
V3 3 Jo 2 lo 
pg [3 v3 (3) pg 
= = 12 + V3) = 9800 
V3 (3 A) LAET = 355! ) 


1 | w 2498 
32) ~ 


x =T 
7. [avg: 7.2/10] Consider the curve with equation y = ? >= for —ln2 < x < ln2. 


(a) [5 marks] Find the length of the curve. 


dy 1 
EE = = (Ge) 
olution AG 5 (e e ) 
dy 2 1 3 e27 1 e2 e27 1 e7 e£ + e” 2 
1 —] =1+-(e*-e”*) =14 = l = 
+(#) tg) 4 2° 4 ria 4 2 


Thus the length of the curve is 


In2 x —ax\ 2 In2 „g —2 In2 3 
Í (=) dz = ‘| as dx = | (e +e *)dx = [e* = aa s> 
-m2 \ 2 -m2 2 0 2 


(b) [5 marks] Find the area of the surface generated by revolving the curve about the x-axis. 


In2 


Solution: the surface area is given by f 2ry y 1+ (y')? dx. Using work from part (a), we 
—In2 


In2 x -r £ =r 
e” +e en TE 
A = 2 
j = r( 2 )( 2 ) ae 


have 


8.[avg: 7.0/10] Find the following: 


(a) [5 marks] the equations of two continuous and differentiable functions defined on the interval [2, 6] 


6 
with graphs that pass through the point (3,5) and have arc length given by f V¥14+92-4dz. 
2 


Solution: from the arc length formula we know 


dy 2 9 dy 3 
dx) xt de ` x 


Function 1: Function 2: 
dy 3 3 dy 3 / 3 
= d — d 
dx x? E I pn dz x $ ge 
3 
= y=-—- +C; => y= td; 
(x,y) = (3,5) > 5=-14+C (x,y) = (3,5) > 5=14+D 
=> C=6 => D=4 
3 
> y=-—-+6 > y=-+4 
x 
(b) [5 marks] the critical point(s) of C(x) = ii cos(t”) dt on the interval [0, V27], and determine if 
0 


C has a maximum or minimum value at each critical point. 


Solution: use the Fundamental Theorem of Calculus to find C’(x), and then proceed as usual. 
C' (£) = cos(x*), so C”(x) = —2z sin(x?) 
Critical Points: x must be in [0, v27]. 


C'(z)=0 => cos(x*) =0 


=> v= zor 
% T 
v= 4/> 0r 
2 


Now use the Second Derivative Test: 


Cr (,/) = —/2rsin (5) = —/2r < 0; C" ( =) = —/6rsin (=) = V6n > 0. 


2 


‘ ; T es 37 
Conclusion: C has a maximum value at x = 4/ 33 and C has a minimum value at 7 = >" 


This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 
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you have indicated in a previous question to look at this page. 
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This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 
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UNIVERSITY OF TORONTO 
FACULTY OF APPLIED SCIENCE AND ENGINEERING 
FINAL EXAMINATION, DECEMBER 2018 
DURATION: 2 AND 1/2 HRS 
FIRST YEAR - CHE, CIV, CPE, ELE, ENG, IND, LME, MEC, MMS 


SOLUTIONS TO MAT186H1F - Calculus I 
EXAMINERS: F. BISCHOFF, D. BURBULLA, S. COHEN, D. Fusca, J. Ko, X. JIE 
M. MATVIICHUK, K. PHAM 


Exam Type: A. Aids permitted: Casio FX-991 or Sharp EL-520 calculator. 


General Comments: 


Breakdown of Results: 750 registered students wrote this test. The marks ranged from 7.5% to 100%, 
and the average was 72.2%. There was 1 perfect paper. Some statistics on grade distribution are in the 


table on the left, and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 


90-100% 9.1% 
36.2% | 80-89% 27.1% 
27.7% | 70-79% 27.7% 
20.8% | 60-69% 20.8% 
8.1% 50-59% 8.1% 
7.2% 40-49% 4.0% 
30-39% 0.7% 
20-29% 1.7% i 
10-19% 0.7% oe 


0-9% 0.1% 


WO a we 


1. [avg: 7.32/10] Find the following: 


lnag 


(a) [3 marks] lim — 


Solution: the limit is in the 0/0 form so use L’Hopital’s rule: 


lng . l/s _ it 


= im 2 = 
£ >I z3 T 1 3x 1 2 


(b) [3 marks] the equation of the tangent line to the graph of f(x) = tan~! z at the point (1,7/4). 


1 
and f'(1) = = So the quation of the tangent line to f(x) at z = 1 is 


Solution: f'(x) = i i 
z 


uF) = F) Ss 


x— 1 


y—7/4 1 1 m 1 T 
peg ge a 


(c) [4 marks] all the inflection points on the graph of y = 7/3 — 1421/3 


2 
Solution: f'(x) = raf = aah n= =a + aa 0/8 = ea . So 


f(z) >0@a2>O0and f"(z) <0e2<0 


and the only inflection point of f is the point (0,0). Note: f”(0) is not defined; any one who 
states that “f’’(0) = 0, and consequently there is an inflection point at x = 0,” will lose 2 marks! 


For interest, the graph is below: 


2. [avg: 7.85/10] Find the following: 
a /2 
(a) [3 marks] I 3cosxV1+3sinxdxr 
0 


Solution: let u = 1 + 3sin xz. Then du = 3cosz and 


3 3 3 3 


4 
a : 2432| 16 2_ 14 
| Scose VI 3sine de = | Vudu = [2 | = 
0 1 


a /2 
(b) [2 marks] f e sina dx 
—1/2 


Solution: observe that the integrand is an odd function, so 


T/2 z 
f e” sinxdz = 0. 
—1/2 


Note: it would be nigh impossible, and a total waste of time, to try and find / e7? sina de. 


(c) [5 marks] f x’ cos z dx 
0 


Solution: integrate by parts. Start with u = x7, dv = cos z dx. Then du = 2x dx, v = sin x. So 


[Peosrar = f ude = w- fvdu 


= sing- 2 | esingde 


(now let s = x, dt = sinz dz) = -?sine—2(at— [ tas) 


= sing + 2rcose—2 | cos.zde 


= g?sing +2rcosx -— ?2sing +C 


and 


T 


T 
I x? cos z dx = [x? sin z + 2x cosx — 2sin z|} = —27 
0 


3. [avg: 9.08/10] Let v = t? — 5t + 6 be the velocity of a particle at time t, for 0 < t < 3. Find: 


(a) [4 marks] the average velocity of the particle. 


Solution: this is a direct application of the average formula. The average velocity is 


a 1f 5t 


3 


3 2 


1 1 73 3 
—— var=5 [est +oyae=5 (5-5 +04 = 
0 


Fei 3 i 


(b) [6 marks] the average speed of the particle. 


Solution: the average speed is given by 


1 3 
zf wia. 
3 Jo 


Since v changes signs on the interval [0,3] we 


+ in 


COR ed a es ed ea 2 et a ie 


| 


5 
> 
in 
> 
in 
“v 
> 
m 
inl 
w 
> 


w 


have to calculate two separate integrals: 
1 f’ 1 f? 1 f’ 
= dt = = dt + = —v) dt 
zf bla f va+3 f o) 


So the average speed is 


iz? 1 ° 1 f3 
f wiat fe 5t +6) dt [e-ser eat 
3 Jo 3 Jo 3 Jo 


1f 50? 2 178 5¢ 
= | a | +64 
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4. [avg: 7.82/10] Let V be the volume of the solid obtained by revolving the region bounded by y = sin z 


and y = 1, for 0 < x < 7/2, around the y-axis. 


(a) [3 marks] Use the method of shells to express the 1.04 = 


value of V as one integral with respect to x. J 


Solution: V = f 2rx(1 — sin x) dx 
0 


(b) [3 marks] Use the method of discs to express the 04- 


value of V as one integral with respect to y. ga 


1 
Solution: V = f T (sin7! y)’ dy 
0 


(c) [4 marks] Find the value of V. 


0-1 Fa SPER re Real Deen Pane 
0.0 0.25 : 0.75 1.0 ; 
x 


Solution: either integral requires parts, but the easiest integral to evaluate is the one from (a): 


T/2 
V a Qra(1—sinx)dx = 
0 


(let u = z, dv = sinz) = 


T/2 T/2 
a f 2a de — 2r | xsin z dx 
0 0 


nm /2 
[a]? — on [- x cos z|o 7/2 -2r f cos x dx 
0 


T3 : T 
— — 0 — 27 [sin zļ]o 


4 


T3 9 rT? —8 
— — 47 or 
4 xri 


/2 


Alternate Solution: for the integral from (b), you can use parts, twice. Start with 


u = (sin™t y)?, dv = dy. Then du = 
[ow y)” dy 


2yd 
(ov let s = sin™! y, dt = ra) 


y1- y? 


as before. 


2sin™t y dy 


y1- y? 


,v=y and 


2ysin™t y dy 


` -1,2 
y(sin™ y) 
y1 -— y2 


= y(sin™! y)? — (se — fia) 
= y(sin™!y)? — A 1—y?sin ty + [ 2av) 


= y(sin~ 42/1 — y? sin y— 2y+C 
1 3 

= ve sin” 4 2V1 — y2 sin“ ty — 2| = -2n, 
0 


(See Page 10 for an alternate solution.) 


. {avg: 8.31/10] A tank is full of water. The tank is a square-based pyramid oriented with the tip of 
the pyramid pointing upward. Each side of the base of the pyramid is 4m long, and the pyramid 
is 8m tall. How much work is required to empty the tank by pumping all the water up to a height 
1m above the top of the tank? (Assume the density of water is p and that the acceleration due to 
gravity is g; leave your answer in terms of p and g.) 

Solution: consider a side view. Let the tip Consider a horizontal cross-section at height y. See 


of the pyramid be on the y-axis; let the base figure. The point (x,y) satisfies the equation 


of the pyramid be on the x=axis. y A AE 
8 2 
Y Thus 
i= e=- -46-0 
(0,8) and the cross-sectional area of the pyramid at 
height y is 
A(y) = (22)? = 7(8—y)?. 
(x,y) 


Let W be the work required to empty the tank by 
pumping all the water up to a height 1m above 
the top of the tank. Then 


8 
z wef pg A(y)(9 — y) dy. 


The rest is calculation: 


0 
(let u=8- y) = à f PED a 


4 |4 3Jo 4 4 3 
83 pg 1 7 896 pg 
= 2+=)=128 -] = 
ar a ae 
bc : 4 8-y 
Note: you could also use similar triangles to find sou a S 2x = S 


3 
1 
6. [avg: 8.03/10] Consider the curve with equation y = 5 +— forl<a<4. 
x 


(a) [5 marks] Find the length of the curve. 


d 2 
Solution: you need 4/1 + (2) for both parts of this question, so calculate it very carefully! 
z 


dy\’? 5 e  1)\? 
e) = HE- 


y xt 1 1 

= 1 

16 2 = «4 

7 one een 
16 2 = «at 


Then the length of the curve is 
4 2 47,2 3 4 
dy x 1 x 1 64 1 1 
L= 1+(—]) dr = — + ]dr= = 1=6 
J \ +(#) i | Ẹ +5) i P A BA 127 


(b) [5 marks] Find the area of the surface generated by revolving the curve about the y-axis. 


Solution: since we are revolving around the y-axis, the surface area is given by 


S 
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oT + wini6 or (7 + m 16) 


7. [avg: 5.09/10] Let A be the area of the region bounded by the graphs of f(x) = x + 2\az| and 


g(x) = max +1. Find the value of m that minimizes the value of A. 


3x, ifx>0 


Solution: first of all, to simplify f(x) you need to take cases: f(x) = 
—xz, ifx<0 


Next, you need to find the intersection points 
of f(x) and g(x): 


1 
YSE for x < 0: =x = mz + 1 >rt =-—; 
1+m 


1 
for x > 0: 3x = mz + 1 > t = ——. 
3—m 


Let A, be the area of the triangle under the 


line y = —a; let Ag be the area of the triangle 


under the line y = 3x. See figure to the left. 
Then 


1/(3—m) 
A = f g(x) dx — Ay — Ag 


1/(m+1) 
mM v 1/(3—m) 1 3 
~ [37 T z! -1/(m+1) 2(1+m)} 2(3—m)? 
= m 1 m 1 1 3 
~ 23—m)2' 3—-m 21+m)? l4+m XQ l+m)?  2(3—m)? 
7 1 | a 2 
2X(3-m)  2%m+1) (3—m)(1+m) 


The problem is to minimize the value of A for —1 < m < 3. |! Find the first and second derivatives: 


dA _ 1 1 @A 1 1 
dm 2(3—m)2 2(m+1)?? dm? (3—m)3 | (m+1)3" 
Then 
dA 
Fy T0 Bm) = (Mt 1)? + 9- 6m +m? =m + 2m +1 8=8&" >m=1; 
m 
and at m= 1 
PA 1 <6 
dm? 47 ` 
So the value of A is minimized for m = 1. (See Page 10 for an alternate solution.) 


‘Note that if m < —1 or m > 3 then the area between the graphs of f(x) and g(x) is unbounded. Indeed, since A — 00 as 
m — —1* or as m —> 37, A must have a minimum value on the interval (—1,3), and it must occur at a critical point. This 


observation can replace the second derivative test to confirm the minimum at m = 1. 


2 x 
8. [avg: 4.28/10] Gauss’s error function, erf, is defined for all x by erf(x) = I e`" dt. The first four 
0 
values of erf(n), for n = 1,2, 3,4 are: 


erf(1) ~ 0.842701, erf(2) ~ 0.995322, erf(3) ~ 0.999978, erf(4) ~ 0.999999. 
2 
(a) [2 marks] Find the value of n e™® dt correct to four decimal places. 
1 


Solution: 


2 2 1 
| e dt =) e” a- f e dt = a (erf(2) — erf(1)) ~ 0.135257... 
1 0 0 


(b) [2 marks] Find erf '(2) and determine for which values of x the error function is increasing. 


Solution: 
1 2 g? 
erf (x) = ——e” >0, 


yT 


for all x. So the error function is increasing for all x. 


(c) [2 marks] Show that erf(—x) = —erf(x). 


Solution: 


erf(— zx) 


2 = 2 
— e dt 
VT Jo 
2 z 2 
let u = =t) = -— | e” du 
l ) VT Jo 


= —erf(x) 


1 
(d) [4 marks] Find the value of f erf(x) dx correct to four decimal places. 
0 


2 
Solution: use integration by parts. Let u = erf(x), dv = dx. Then v = z, du = p te and 


3 


1 
= |z erf(x)|] —- — ze” dx 
f eafa)de = le to- ef d 


-i 
(let w = —z°) = erf(1)— 0+ = | e” dw 
0 


i 
œ~ 0.48606... 


Alternate Solutions: 
dy dy 
1—sin?9  cosd 


1 
V = f rta dy 
0 
T/2 
= E| 6 cos 6 dé 
0 


(from Question 2(c)) = a [0 sin @ + 20 cos @ — 2sin 6] Nes 


— T A 5 


Question 4: let 0 = sin! y. Then dê = dy = cos d0 and 


as before. 


Question 5: alternate calculations 


W = ps [ (1-2 @- nau 


8 y? 
= ps | (1 4y + ry e y) dy 
0 


8 2 3 
25y y 
— 144 — 52 — Z jd 
pg | (m-su + ZE- 5) 
25y? yt 8 
12 16 


= pg jis 26y? 4 


_ p (898 
a Pg 3 ’ 


Question 7: since A is the area of a triangle, you could use vectors and find A using the cross-product: 


nE ecm |e ue 


0 


as before. 


0 0 


1 1 3 
E Ieee | se) 
2 
(3 —m)(m+ 1) 


and then find the critical point of A as before. OR, in the same vein, you can avoid integration 
by using the formula for the area of a trapezoid to get the value of the area under g(x) from one 


intersection point to the other. 
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Alternate Solutions: 


Question 8(c): consider the function g(x) = erf(—x) + erf(x). By the chain rule and the fundamental 


theorem of calculus, we have 


2 2 2 2 
/ ee f = f Sa —(—2) —e = 
g (x) erf (—x) + erf (x) T + T 0, 
so g(x) is constant. Since g(0) = 0, we must have g(x) = 0 for all x, which implies erf(—x) = —erf (x). 


Question 8(d): work with “double integrals,” which is beyond the scope of this course, but many students 


tried it. It can work if you know what you are doing: 


1 2 a x 2 
erf(x) dz = | f e™ dtdz. 
| Vt Jo Jo 


Interchanging the order of integration, we have 


A i Ë dtdx 2 l la dxdt 
vT Jo Jo VT Jo J 


VT 
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This page is for rough work or for extra space to finish a previous problem. It will not be marked unless 


you have indicated in a previous question to look at this page. 


12 The end. 
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General Comments: 


Breakdown of Results: 828 registered students wrote this test. The marks ranged from 2.5% to 100% 
and the average was 50.58/80 or 63.2%. Some statistics on grade distribution are in the table on the left, 
and a histogram of the marks (by decade) is on the right. 


Grade % Decade % 
90-100% 9.2% 
21.0% | 80-89% 11.8% 
18.5% 70-79% 18.5% 
18.2% | 60-69% 18.2% 
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24.5% | 40-49% 14.0% 
30-39% 7.9% 
20-29% 2.0% 
10-19% 0.4% 
0-9% 0.2% 
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1. [10 marks; 2 marks for each part. Avg: 7.8/10] Let f(x) = v25 — x?. Write down an integral that 
gives the value of each of the following quantities. (Do NOT evaluate the integrals.) 


(a) The area of the region bounded by the curves with equations y = f(x), y= x, x = 0 and z = 3. 
Solution: 


3 3 
f (f(x) —ax)dz OR 1 (v25 — x? — x) dz 
0 0 


(b) The volume of the solid of revolution obtained by rotating around the y-axis the region bounded 


by the curves with equations y = f(x), y=0, x = 0 and z = 3. 


Solution: 3 > 
f 27x f(x)dx OR Qra y 25 — x? dz. 
0 0 
method of shells 
Note: 


5 
| m(25 — y*) dy + 367 
4 


method of discs 


gives correct volume but is not solely an integral. 


(c) The length of the curve with equation y = f(x) for 0 < x <3. 


Solution: 


[VTF on f 


RTE = dz. 


(d) The surface area of the solid of revolution obtained by rotating around the x-axis the curve with 


equation y = f(x) for0 < x <3. 


Solution: 


[ on f(a) /1+ Fla)ede OR ie 10m de 
0 


0 


(e) The surface area of the solid of revolution obtained by rotating around the y-axis the curve with 


equation y = f(x) for 0 < x <3. 


Solution: 


3 5 
[ane VT+ (P(e)? de OR Í ong(y) VIF WON dy, 


where g(y) = f1 (y) = \/25 — y2. Note: as in part (c), V1 + (f/(x))? = 3 


V25 — 22 


2. [avg: 9.4/10] Let v = 2t — 4 be the velocity of a particle at time t, for 0 < t < 16. Find: 
(a) [4 marks] the average velocity of the particle. 


Solution: use the formula for average. 


1 16 
Vavg = 16_—0 A vdt 
1 is Vi 
= oe 2Vt — 4) dt 
1 | 4¢3/2 i 
=S 
0 
16 4 
= Ee Ae 
3 3 
(b) [6 marks] the average speed of the particle. 
Solution: since v changes signs on the interval [0, 16] 4.04 
you have to calculate the average speed in two steps. aea p” 


We have “4 | a 


TT [lel Wieland 
10.0 12.5 15.0 


and so the average speed s = |v| is given by 
1 is 1 4 16 
sas = 3g f wae (f -vat f vdt). 


Calculations: 


1 4 


Swg = = | (4-2Vvt) ag OVE 4) dt 
4 


1 sl 2 1 | 4¢3/2 i 
= 4t 4t 
16 +76 |73 ; 


1 1 (256 32 
= 1 | 4 1 
16 y : F 16 ( ee 5) 


1 5 


3. [avg: 7.2/10] Let f(z) = xe”, for x > 0. 


(a) [2 marks] The graph of y = f(x) is shown below. Clearly indicate the regions that have area 
1 e 
corresponding to each of A, = f f(x)dx and A = | fly) dy. 
0 0 


A 


Solution: y 


The region 9 | The regi 
e region 


shaded in red 
has area Ay 


shaded in green 
has area Ao iN 


T 


> 


(b) [4 marks] Find the value of Aj. 


Solution: use parts with u = x and dv = e” dx. Then du = dz, v = e” and 
1 1 
A, -f xe” dz = wei- f e” dz = [ze"], — [e"]} =e -O-e+1= 1 
0 0 
(c) [4 marks] Find the value of Ag. 
Short Way: subtract A; from the area of the rectangle bounded by 0< z <1and0<y<e: 
A> =e—A, =e — 1. 


Long Way: let y = f(x) = xe”. Then f—!(y) = f-!(f(z)) = x and dy = (x + 1)e” dx and 


fe) 


Ag = a fly) dy x (a+ 1)e” dx 


(a? + xe” dx 


i 
i 


; 1 
(use parts twice; see page 12) = [(2? -x+ De, 


= e-l 


4. [avg: 5.9/10] Find the volume of the solid generated by rotating around the line y = 2 the region 


bounded by the curves with equations y = x? and y = 1, using: 


(a) [5 marks] the method of cylindrical shells. 


Solution: the region is in the figure below. Using the method of shells, with respect to y : 
1 
v= f a@-Wvi-Cvi) ey 
1 
= an f 2-w)yidy 


t 1 3 
= tn | (2y? - y3) dy 
0 


(b) [5 marks] the method of discs and washers. 


Solution: using the method of discs and integrating with respect to x: 


V 


II 
— 
— 
= 
© 
| 
x 

N 
~=% 
| 
3 
~ 
= 

N 
x 
a 
8 


1 
= nf (4-42? + 2* —1) dx 


1 
= 2r | (3 — 4x? + x) dx 
0 
4 ee 
= 2r |3xz— `r? +r’ 
3 5 0 
567 
15 


5. [avg: 3.9/10] A hemispherical tank of radius 4 m contains water in the bottom 2 m of the tank. 


(a) [6 marks] How much work does it take to empty the tank by pumping all the water up to the 
top of the tank and out? (Assume the density of water is p and that the acceleration due to 


gravity is g; leave your answer in terms of p and g.) 


Solution: if you set y = 0 at the top of the tank, then the equation of the circular side view is 


x? +y? = 4?, the bottom of the water is at a = —4, and the top of the water is at b = —2. The 


cross-sectional area of the tank at height y is 
A(y) = ma? = (4? — y’). 


Then the work done in pumping all the water 


from in the tank up to the top y = 0 is given by 


b —2 
W = [ osa0-na= f pgn(4* — y’) (0 — y) dy 


—4 


= 4 —2 
pra | (y? — 16y) dy = pT g 5 = sy?! = 36 pr g (Joules) 


(b) [4 marks] Suppose the water is being pumped out at a rate of 1 cubic meter per minute. How 


fast is the depth of the water decreasing when the depth of the water in the tank is 1 m? 


Solution: using the same set up as in part (a), the volume of the water in the tank at depth h 
is given by 
h—4 h—4 
V= f A(y) dy = nf (16 — y’) dy. 
—4 —4 
Then, using the Chain Rule and the Fundamental Theorem of Calculus, 


dV » dh 


When “ = —1, h=1, we have 


dh dh 1 
—1 = 7(16 — 3°) a ae ae 


1 
So the depth of the water is decreasing at a rate of Tr m/min. (Approximately: 4.54 cm/min) 
T 


Alternate Solutions: on pages 10 and 11 there are alternate solutions to both parts of this 


problem. 


6. [avg: 5.5/10] Let g(x) = z? + sin z. 
(a) [4 marks] Prove that g is a one-to-one function. 


Solution: we shall show g is an increasing function for \ | 
all x, from which it follows g must be one-to-one. We \ | | 
have \ 7 | 
g'(x) = 3x? + cosx \ 
and | j 


g'(x) > 0 & 3x? > —cosz. i. g 


In the figure to the right you can see that the parabola, me E M ma 
TTI TT TITTY 


2: ‘ ‘ iat eat oot = 
y = 32+, is always above the trig function, y = — cos z. 3 32 


(b) [2 marks] Explain why the equation g(x) = 4 has exactly one solution in the interval [0, 2]. 


Solution: g(0) = 0 < 4 and g(2) =8+sin2 > 7 > 4, so by IVT there is at least one number c 
in (0,2) such that 

gle) = 4. 
But by part (a) g is one-to-one, which means there is at most one number c such that g(c) = 4. 


Therefore there is exactly one number c in [0,2] such that g(c) = 4. 


(c) [4 marks] Approximate the solution to the equation x? + sinx = 4 correct to 4 decimal places 


using Newton’s method. 


Solution: let f(x) = z? + sin x — 4. Then f'(x) = 3x? + cos z. Newton’s recursive formula is 


(En) 


Ln+1 = In — fi(a } 
n 


, for n > 0. 


Pick zo = 1 (although it doesn’t really matter what your initial choice is) and calculate!: 
x, = 1.609702..., wo = 1.458405..., v3 = 1.4438676..., v4 = 1.4438544..., v5 = 1.443544... 


So, correct to 4 decimal places, the solution to the equation z? + sin x = 4 is z = 1.4435 


‘Of course your calculator must be in radian mode. 


7. 


[avg: 5.8/10] A drainage channel is to be constructed so that its 


cross section is a trapezoid with equally sloping sides. (See figures physical model 
to the right.) If the sides and bottom of a cross section all have 


a length of 1 m, how should the angle between the sides and 


the bottom be chosen to maximize the cross-sectional area of the P l 1 1 f 


channel? 
cross section 


Solution: let the base and height of each triangle at 
the end of the trapezoidal cross section be b and A, 1 0 


respectively. See figure to the right. dross section 


Then the triangle at each end of the trapezoidal cross section has area 


rth 
2 


with b = cos 0 and h = sin 0. Thus the total area of the trapezoidal cross section is 


sin(20) 


A=2T + (1)(h) =cos@ sind + sin 0 = + sin 0. 


The problem is to maximize the value of A for 0 < 0 < > Calculating derivatives we find 


dA > aA 
aa cos(20) + cos 0 = 2cos* 6 — 1+ cos @ = (2cos 6 — 1)(cos@ + 1); T —2sin(20) — sin 8. 


Critical Points: 


dA 1 
aa 0 => (2cos@ — 1)(cos6+ 1) = 0 = cos 0 = z O! cos @ = —1. 
aA 3V3 
The only critical point in the interval (0, 7/2) is 0 = 7/3, or 60°. At this point, a = ie <0. 


Conclusion: 


e To maximize the cross-sectional area of the drainage channel the angle between the sides and 
the bottom should be 60°. 


sin x 


, ifa #0 
1, if#=0 


8. [avg: 5.0/10] Let sinc(x) = ; let Si(x) = f sinc(t) dt. 
0 


(a) [2 marks] Is Si(a) a continuous function? Justify your answer. 


x 


Solution: yes. Since sinc(2) is continuous for all x, the definite integral Si(a) = 1 sinc(t) dt 


0 
exists for all x, and so by the Fundamental Theorem of Calculus, Si/(x) = sinc(x) for all x. This 


means Si(x) is differentiable, hence continuous, for all x. 


(b) [2 marks] Show that Si(z) is an odd function. 


Solution: let u = —t. Then 


atas f “od f “ae ey f eE 


where we have used the fact that sinc(x) is an even function. 


(c) [2 marks] What are the critical points of Si(x) for —10 < z < 10? 


—Si(x), 


Solution: Si'(x) = 0 > sinc(x) = 0 > 2 40 and sin(x) = 0 > 2 = +7, 


27, 


3T. 


(d) [4 marks] The graph of sinc(x) is dotted in below. Sketch in the corresponding graph of Si(z). 


Solution: we have Si(0) = 0. Since Si'(x) = sinc(x), we know: Si is increasing when sinc(x) > 0 


and Si is decreasing when sinc(z) < 0; Si is concave up when sinc is increasing and Si is concave 


down when sinc is decreasing. Thus the graph of y = Si(x) looks like the blue graph below: 


Alternate Calculations: 


For Question 5, if you put the centre of the circle at (0,4) then the equation of the circle is 
a + (y—4)? = 47 & r? —8y+y? =0. 


In this version the bottom of the water is at a = 0, the top of the water is at b = 2, and the cross-sectional 
area at y is 
A(y) = ma? = m(8y — 4°). 


So the work done is 


= 
I 


2 
f osaa -na 
2 
== T ERS = 
= pg [eu y“) (4 — y) dy 


2 
= par | (y? — 12y? + 32y) dy 
0 
yt : 
= pgr | -4 +164? 


= pgn(4-— 32 + 64) 


0 


= 36pgT 
For part (b), the depth of the water is h and the volume of this water is 
h h 
yal Ay) dy =x f (8y — y’) dy. 
0 


By the Chain Rule and the Fundamental Theorem of Calculus, 


dV 9, dh 
Then with a = —] and h = 1 we have 
Ae je dh 1 


as before. 
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Question 5: if your tank curves downward, and the tank sits on the z-axis. Then the equation of the 
side view is 
ety =4, y>0. 
For part (a) the work done is now 
2 2 2 268 
W= / pg Aly) (4— y) dy = nea | (16 — 4°) (4 — y) dy = neo | (64 — 16y — 4y? + y") dy = =T. 


For part (b), the volume of water in the tank at depth h is 


h h 
v=[ A(y)ay = f (16 — y’) dy 
0 0 
a d dh 
V 
—— = "(16 =h7)—_. 
Fae rT 
Then when _ = —1,h = 1, we have 
SG j2 dh 1 
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Alternate Calculations: 


For Question 3(c): 
[lor + oer ae = [ ude, with u = 2? + z; dv = e dz 
= w- | vdu 
= (x? +r) -— fe + 1)e” dz 
= (2? +a) -2 f zdne 
= (@+2-1) -2 f adt, with s = z; dt =e dx 


= (£? +r- 1)e” 2 (st fia) 


= (a? tae" — ane" +2 | e? da 


= (z? +4 -1)e” — 2re” + 2e” +C 
= (z?-r+1)e +C 


12 


